In mathematical terms, an indifference curve is the solution to

Example: Suppose that . What are the  couples that would give 
If  then  Some examples could be  or  or  or  or . Now let us plot these numbers:
[image: ]
Plotting the graph by giving numbers is a very long and cumbersome method. An alternative strategy is to use some calculus. Note that if  then  and this means

Now we can plot this graph. As you can see, it is a function  which decreases with  and this function cannot touch to the axis: there is no intercept. This means  is undefined. Likewise,  is undefined when . Under these conditions the graph would be:
[image: ]
Let us try to make this example more concrete. Assume that  represents how big the consumer’s house is. And  represents how fast the consumer’s car is. So the consumer enjoys a big house and a fast car. 
Note that the utility function, therefore, tells us the relative values of house size and car speed. Now we can answer the following question: what is the value of your house relative to the value of your car? More specifically, how much  would the consumer be willing to give up (a smaller house) for an extra unit of  (faster car)?
This question is the most important concept in microeconomics. It is very crucial and it will be a part of your economics education for the years to come. Now we will focus on that.
Example: Suppose that  and . How many  would the consumer give up for an extra ?
[image: ]
As we can see from the graph or as we can directly calculate using the utility function, the consumer could give up 8 units of  for an extra 1 unit of . That is because,

In other words,  gives the same utility as . So the individual could give 8 unit of y for an extra unit of x. This is called the “Marginal Rate of Substitution between  and ”, and is denoted by 

As we shall see now, MRS is actually the slope of the indifference curve. 
[image: ]
Another interpretation of MRS is the following. This is obtained using standard calculus. By definition, the couple  on an indifference curve satisfies:

However, as we saw earlier, this means  is a function of  denoted by  Therefore,

Take the total derivative of this function with respect to  on both sides. The right hand side is simply zero. The left-hand side is (by standard rules of differentiation):

Re-arrange this expression to obtain by leaving dy/dx alone:

However, as we discussed earlier:

Conclude

In economics, we call  as the marginal utility of  and  is the marginal utility of . To sum up,

Summary: The following are the same
1) The slope of the indifference curve.
2) Marginal rate of substitution.
3) Ratio of marginal utilities.
All these concepts above are fundamental to microeconomics as MRS gives us the value of one good in terms of another good. An important assumption on MRS is “diminishing MRS” which means 

Let us see what this means on a graph:

[image: ]
As the graph shows, diminishing MRS means that if I substitute for , then a little amount of  would be enough if I have too much x. In this case MRS would be small. If I have very little amount of , and too much , then plenty of good  would be required to substitute . That is because, goods in small amounts are typically more valuable to consumers compared to goods that are available in large amounts. 
[image: ]

Different MRS types and different utility functions:
We would obtain different utility functions as the form of MRS changes. This gives us a wide range of different utility functions. The most notable and well-know utility functions are
1) Cobb-Douglas:  where 
2) Linear (perfect substitute) utility: .
3) Leontief (perfect complement) utility:  
Now let us see some examples to understand these preferences:
Example 1: Linear (perfect substitute) utility. 
In this case, two goods can perfectly substitute each other. In other words, MRS never increases or decreases: it is always a constant value. For instance, oil companies sell oil which are perfect substitutes. 1 lt. of oil from Shell and 4 lt. oil from Opet is always equaivalent to 2 lt. of oil from Shell and 3 lt. oil from Opet or 3 lt. of oil from Shell and 2 lt. oil from Opet. In this case, your utility would be represented by

MRS is simply 1 and it never changes. The graph of the linear utility and the indifference curves are plotted below:
[image: ] [image: ] [image: ]

Example 2: Leontief (perfect complement) utility. 
In this case, two goods should be used in perfect proportions to complement each other. In other words, MRS is undefined. For instance, consider tahin and pekmez. I personally enjoy 1-1 ratio for tahin-pekmez mix. This means if I have 2 units of tahin and 1 unit of pekmez, I would still have 1 unit of the mix because the extra tahin would be useless without pekmez. In such a case, the small amount of the good is always determinant in utility:

The minimum amount determines my utility. If I have more P than T, the extra amount is irrelevant to my utility. 
The graph of the Leontief utility and the indifference curves are plotted below:
[image: ]  [image: ] [image: ]

Example 3: Cobb-Douglas utility. 
The previous cases were two extreme cases. The Cobb-Douglas preferences is exactly the case in between. In other words, goods are neither complements nor substitutes with Cobb-Douglas utility. For example, cookies and milk are often neither complements nor substitutes for many people. In this case,

would be the utility function.
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