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RC and RL Circuits

First Order Circuits



Objectives of Lecture

* Explain the operation of a RC circuit in dc circuits

— As the capacitor stores energy when voltage 1s first
applied to the circuit or the voltage applied across the
capacitor 1s increased during the circuit operation.

— As the capacitor releases energy when voltage 1s
removed from the circuit or the voltage applied across
the capacitor 1s decreased during the circuit operation.

* Explain the operation of a RL circuit in dc circuit

— As the inductor stores energy when current begins to
flow 1n the circuit or the current flowing through the
inductor 1s increased during the circuit operation.

— As the inductor releases energy when current stops
flowing 1n the circuit or the current flowing through the
inductor 1s decreased during the circuit operation.



Natural Response (The Source-Free Response)

 The behavior of the circuit with no external
sources of excitation.

— There 1s stored energy in the capacitor or inductor
at time =0 s.

— For ¢ > 0 s, the stored energy 1s released

e Current flows through the circuit and voltages exist
across components in the circuit as the stored energy is
released.

* The stored energy will decay to zero as time approaches
infinite, at which point the currents and voltages in the
circuit become zero.



RC Circuit — Natural Response

* Suppose there 1s some charge on a capacitor at
time 7 = 0 s.
— This charge could have been stored because a

voltage or current source had been 1n the circuit at ¢
< 0 s, but was switched off at 7 =0 s.

 We can use the equations relating voltage and

current to determine how the charge on the
capacitor 1s removed as a function of time.

— The charge flows from one plate of the capacitor

through the resistor R to the other plate to

neutralize the charge on the opposite plate of the
capacitor.



Equations for the Natural Response of RC Circuit
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Equations for the Natural Response of RC Circuit
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Since the voltages are equal and
the currents have the opposite
sign, the power that is dissipated ) "
by the resistor 1s the power that is w(t) = J‘ p.(t)dt = v, {1 _ er:|
being released by the capacitor. 2




The Key to Working with a Source-Free RC Circuit Is Finding:

* The nitial voltage v(0) = V/,, across the capacitor.

— Can be obtained by 1nserting a d.c. source to the circuit
for a time much longer than 7 (at least t = -51) and then
removing 1t at ¢ = 0.

 Capacitor
— Open Circuit Voltage

 The time constant 7.

— In finding the time constant 7= RC, R 1s often the
Thevenin equivalent resistance at the terminals of the
capacitor;

* that 1s, we take out the capacitor C and find R = R, at its
terminals



Time constant - t

e The natural response of a capacitive circuit refers to
the behavior (in terms of voltages) of the circuit itself,
with no external sources of excitation.

— The natural response depends on the nature of the circuit
alone, with no external sources.

* In fact, the circuit has a response only because of the energy initially
stored in the capacitor.

* The voltage response of the RC circuit
. — Time constant, 7= RC

e The time required for the
voltage across the capacitor to
decay by a factor of 1/e or
36.8% of its initial value.

0.368V,




Example 1

For the circuit, find the voltage labeled vatt 200 ps

4 ()

I AAA
t=0 N
2u§ 10 uF =< !
oV -
4 Q)
4 ()
NN AN
_+_
+
Eﬂg IO;.LF.-_--_-..i 2 Q) 10 uF =< ¥
oV -
t=0 t=0

before the switch is thrown after the switch is thrown

10



Equations for the Natural Response of RL Circuit
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Since the voltages are equal and
the currents have the opposite
sign, the power that is dissipated
by the resistor is the power that is
being released by the inductor.

If I,=1,| and 7= -

t

L

[,(t)= Ioe_f whent > 0s

t

V)=V, ()=Rle *

Prt)=Vel, = R]oze !

w(t)= | py(o)dr =

2

LI’
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l—e *

Equations for the Natural Response of RL Circuit

|
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The Key to Working with a Source-Free RL Circuit Is Finding:

* The mitial current i(0) = /, through the inductor.

— Can be obtained by 1nserting a d.c. source to the circuit
for a time much longer than 7 (at least t =-51) and then
removing 1t at ¢ = 0.

e Inductor
— Short Circuit Current

 The time constant 7.

— In finding the time constant 7= L/R, R 1s often the
Thevenin equivalent resistance at the terminals of the
inductor;

* that 1s, we take out the inductor L and find R = R, at its
terminals
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Time constant - t

e The natural response of an inductive circuit refers to
the behavior (in terms of currents) of the circuit itself,
with no external sources of excitation.

— The natural response depends on the nature of the circuit
alone, with no external sources.

* In fact, the circuit has a response only because of the energy initially
stored in the inductor.

* The current response of the RL circuit

i(t) A

— Time constant, 7=L/R

e The time required for the
current in the inductor to decay
by a factor of 1/e or 36.8% of

its initial value.

0.3681,
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Example 2

For the circuit, find the voltage labeled v at t 200 mes.

10 Q)
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+
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B 24V
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3 24V :
t=0 t=0

before the switch is thrown after the switch is thrown
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Example 3

Determine both i; and i, in the circuit for t > 0.

ATAA
120 €
60 ()
i,
- MN————AAN
t=0 holz 50 )
I8V 90 () 2 mH 3 mH
Ji
—AM—
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3 mH after the switch is thrown
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For the circuit, find the voltage labeled v. fort >0 if v (07) =2 V.

10 €2

Example 4

—AW

§20!1
i

_|,_
1.51, vc =

~ | uF

&

>1-5f|] ACD ; Circuit for finding the Thévenin equivalent of

the network connected to the capacitor
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Singularity Functions

Singularity functions (also called switching
functions) are very useful in circuit analysis.

They serve as good approximations to the
switching signals that arise 1n circuits with
switching operations.

They are helpful in the neat, compact
description of some circuit phenomena,

— especially the step response of RC or RL circuits
Singularity functions are functions that either

are discontinuous or have discontinuous
derivatives.
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Unit Step Function

e The unit step function (u(7)) 1s O for negative values of
t and | for positive values of .

uit) A ut—10) A
1 feeoo— 1 ——
) {0. <0 i _
u(r) = I 0. t <<t
L 1=0 i _u(t— i) = { ] Y
0 0 . [ §
(r+1y) A
1
| 0, 1< —1
' s Ut T+ fy) =
Jf(] 0 t I s f - r“
v(l‘) A
Vol

0. “ 1y
S v(t) = ) o
5 > Vo > 1, —) v(t) = Vou(t — to)



Unit Step Function

* Voltage source of //,u(7) and its equivalent circuit.
t=0

Lo —{ b\”‘ (]

P .“\I -'"'..-_H\‘-.

.l-r : I [ ] L_Il' | I
Vou(r) { =) — 0 \—,

o b o b

* Current source of /,u(?) and 1ts equivalent circuit.
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Unit Impulse Function

* The derivative of the unit step function u(7) 1s

the unit impulse function (7))

o(t) & (=2)

50(t+2)

0,
d
o(t) = —ra{rj = {Undeﬁned.

t<<0
t =20
t =0

X(7) = 5&t+2) + 108¢) - 48-3)

“0

07

o(t) dt = 1
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Integration of Unit Functions

* To 1llustrate how the impulse function affects other
functions, let us evaluate the integral

-b
' flH)o(t — 1p)dt

- fa b

' f()o(r — to)dt = ' f(tg)o(t — ty)di
) )

b
= f(1p) ' o(t — ty)dt = f(1y)

e This 1s a highly useful property of the impulse function
known as the sampling or shifting property.
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Unit Ramp Function

-t

Fir) A
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] __________
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Relationships of singularity functions

* The three singularity functions (1mpulse, step,
and ramp) are related by differentiation as

du(t) dr(t)
. uir) =
(dt (dt

o(t) =

e or by integration as

u(t) = o(A)dA. rit) = u(A)dA
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Driven RC Circuit

t=0 _’}
W - Initially, (a) the source 1s turned off, and
R (b) no energy is stored.
V{] Vs C T Ve ;
) ) v, =0 5 v (07)=0
| just before
=0

After the switch changes. Vv, = I’E} g Ve (O+) =if)

just after

=0
The capacitor has not yet . |
had time to build up voltage: V¢ ('f) =, F Io ic ( 2F) -dTt
A long time after the ) _
switch has been closed. Ve (f“) = [0 (capacitor acts as an open circiif)
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Driven RC Circuit

? ‘ . (’f-‘qc
N . l. = —
vﬂ' C‘) C T~ Ve , -. C dr

Writing KVL after the switch changes,

Ldv
—V,+iR+v, =0 = —VU+(‘“C

dav
‘R+v.=0 = RC—L+v.=V
dr ¢ a ¢ °

d v (7 l y (1) = Vo — homogeneous, first-order
RC differential equation




Solution of a First Order System

e General form of differential equation:

d
a; 2 ¢ agy(t) = u(®

e Initial condition:

Yyt =1ty =Y
e Solution is of the form:

y(t) = yh(t) + yp(t)

* y,(t) is homogeneous solution
e Due to the system’s response to initial conditions

* y,(1) is the particular solution

e Due to the particular forcing function, u(?), applied to
the system




Homogeneous Solution

e The homogeneous solution is the system’s
response to its initial conditions only
e System response if no input is applied = u(?) =0
e Also called the unforced response, natural response, or
zero input response
e All physical systems dissipate energy = y,(t) -0 as t—>o

t=0 i ave(t) 1
—> Ve(t) =0
W T
R VCH(t)1= AeSt
. st - st _
Vo _) C == ¢ Ase”" + RCAe =0
No Source o 1
_ A — =0
e S + RC
_ 1
>~ TRC

1,
Ven(t) = Ae RC



Particular Solution

e The particular solution is the system’s response to the
input only

e The form of the particular solution is dictated by the form of the
forcing function applied to the system

e Also called the forced response or zero state response
* Since y,(t) >0 as t—ao and y (1) =y, (1) +y,(1):
* YY)y, () ast—>o0

We know that VC (OO) — VO SO, VCP (t) — VO

Then the total solution will be;
Ve(t) = Vey (t)1+ Vep(t)

V.-(t) = Ae RC' + V,

t—>0
V-(0) = 0 = Ae® + V,
1

A='V0 — Vc(t) — Vo'Voe_Rt fort>20

The initial condition is zero;



Total Solution of Driven RC circuit

r=0 ,_’}
d 1 /
5( e N — v (B)+—=v: (1) ==%=
R dr‘c( )+RC c( ) RC
V” C;: Yc
_ ‘C(O):O ‘C(f):r
e
1’C. (f) = I:} (1 _e*r/RC) V{,
0.632V,

r = time constant of the circuut,
a measure of how much tune I | .
1s required to charge/discharge 0




resistor

Example 3

Find the capacitor voltage v(t) and the current i(t) in the 200 Q

t=0

1011§

+
120 V —

b
60(15%
200 ()
+ —
50V —-

T

50 ()

lita‘l

50 mF =

=0

10 €2

120 V 50V —

r'mi
60 () § 50 Q) § 50 mF =
N " 20011§

6()1!;

=10

200 €2

f:ul

50 Q)

50 mF =

| ,-n:



...Example 35

[.(,{V} .!'”}{A)
A A
0.5
100 [\ e
B 0.192]
20 0.1 —
| 11| | > t(s) 11 5 IH ; ,l% > 1(5)
-1 0 17 2 3 - T 2

four numbers are needed to write the functional form of the response for
this single energy-storage-element circuit, or to prepare the sketch: the
constant value prior to switching (0.1923 ampere), the instantaneous
value just after switching (0.5 ampere), the constant forced response (0.1
ampere), and the time constant (1.2 s). The appropriate negative
exponential function is then easily written or drawn.



Driven RL Circuit

Initially, (a) the source is turned off, and
(b) no energy is stored, so
(¢) no current flows.

v, =0 , i(07)=0

just before
. =0
After the switch changes, v =, ., i (0 ) =0

just after
=0

The inductor has not yet ) 1
had time to build up current: s (!‘ ) - E

A long time after the _ N _
switch has been closed. i (.::r_t-) =J 0 / R (inductor acts as a short circuir)



Driven RL Circuit

1=0 _r}
R ' i(0)=0 i
V, LS v, V= I

Writing KVL after the switch changes.

d
—V,+iR+v, =0 = v, +R-i=V, = L-Zir'(r_)+1’€-zf(z‘):F}J

0 - homogeneous. first-order
L differential equation

i)+ i(1) -



Driven RL Circuit

: H) —t-R/L 4
t(r):E(l—e )

Vo /R

0.632V, /R

r = time constant of the circuit.
a measure of how much time | I -y
- . I - ’}F—
1s required to charge/discharge 0 7 ok 37




Example 6

Determine i(t) for all values of time in the circuit

i:’m

The response i(t) of the circuit

S0u(r) V ’ Q)
) y
_+ &
/s AN
50V C) 6 () 3H§
i(t) (A)
A
T I e e e
|| Y A N D N <~
5 n > [(S)

|
(S ]

0




Example 7

Find the current response in a simple series RL circuit when the
forcing function is a rectangular voltage pulse of amplitude V, and
duration t,.

0 fo

A rectangular voltage pulse which is to The series RL circuit, showing the representation
be used as the forcing function in a of the forcing function by the series combination
simple series RL circuit. of two independent voltage-step sources.



...Example 7

i(r) i(1)
A A
'ﬁ'J,“/R _____________ “;H/R _________________

Y

0 —,I, g 1Ip 2!]:_] 0 Iy 2 0 3 Iy

the time constant is only one half as large as
the length of the applied pulse; the rising
portion of the exponential has therefore
almost reached V,/R before the decaying
exponential begins. (t=1t./2)

the time constant is twice t,and the response
never has a chance to reach the larger
amplitudes. (t = 2t,)



General Equations

 When a voltage or current source changes its

magnitude at t = Os 1n a stmple RC or RL circuit.

— Equations for a simple RC circuit
Ve®) =Ve(o0) +[Ve(0) =V () e
Io(1) = [V (90) =V (0)]e™""

T—RC
— Equations for a simple RL circuit

I,(t)=1,(0)+ []L 0)—1, (OO)]e—t/T
V, (@) = é[]L (0)—1, (O)]e—t/r

t=L/R
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(1)
(2)

(3)

(4)
(3)
(6)

(7)
(8)

General Solution Procedure

Identify the circuit as a transient RZ or RC circuit. (e.g. not an RLC circuit)

Assume that the circuit response (v or 7) will follow the general solution:

x(£) = x(00) + [x(0) — x(e0)]eT

If necessary, determine equivalent mductance (Z_,) or capacitance (C,,)
by appropriate series/parallel combinations.

Solve for the mitial inductor current 7(0) or capacitor voltage v(0).

Solve for the final inductor current 7#(=0) or capacitor voltage v(=0).

Determine the Thevenin equivalent resistance seen by the energy-storage
element (inductor or capacitor). Ry, . Compute 7=L/R, or r=R,C .

Substitute results from steps 4. 5, 6 into the general solution (step 2).

To solve for v/7 that 1s not for the mmductor/capacitor.,
use circuit analysis (KVL, KCL, etc.) to solve for that particular v/7 .

40



