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Parallel RLC Circuit
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Parallel RLC Circuit
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Series RLC Circuit
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Series RLC Circuit
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Series & Parallel RLC: Solution

d’ d 5 R ]
series: —i(f)+2a-—ilt)+®, -i(ft)=0 o= ) = ——
dr-() — 1)+ -i(7) RN e
d’ d | 1 |
arallel: -v(t)+2a-—v(t)+@, -v(f)=0 A=—, &, =
d dr’ (") dt 1)+ (1) 2RC™ Y JILC
general differential d 2};‘ ) dx e 0
equation for v(r) or i(7) : dA—T O, X =
q (7) or i(7) 72 Jt 0
solution to the general o ot
differential equation : J‘C(f) — lei? Y+ XEG -+ X3
[ 2 X(O_):ffl+l’j+3ﬂ
S =—0+L o —m . = 2
| : (%) =X,

. . dx i i}
S, :—.z:f—../cx“ — @, —(0*):31};1 +5,.X,
dt / -




RLC Solution: Over-damped
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Example 9.2

Find an expression for v(t) valid for t > 0 in the circuit.

300 Q)

v O .,
QTR ]

5 mH % 200 Q 20 nF =<

o =1/2RC = 125000 5"
wp = 1/+/LC = 100 000 rad/s.

l‘;ﬂ ifﬁ lff 51 = —a +/a? —w) = —50 000 s~
g 5 mH § 200 2 — 20 nF
5y = —a — /a? — @5 = —200 000 s~

The circuit for t > 0, in which the 150 V source and the 300 resistor have been
shorted out by the switch, and so are of no further relevance to v,



Example 9.2 (Cont.)

o = wy.

UC‘(T] = Ap&""lgl‘r -+ Agf’sgr

200

o 150 | ve(07) = 150 — 60V
= — =3 ¢ -
ir(07) 500 F 300 00 mA 200 4+ 300
e(0T) = 60 V.
300 Q
AATAY

150V j) "
Lz & ||ic0
| i (0%) = i (07) D 200 Q § CD 2c(0%) = ve(07)

in(07) | | _ =-03 A ~ 60 V
2000 2 (0) |

equivalent circuit at t = 0*, drawn using ideal
The equivalent circuit at t = 0 sources to represent the initial inductor current
and initial capacitor voltage



Example 9.2 (Cont.)

ve(t) = Ae 200000 L AL p=2000000  equation for the capacitor voltage

vgiﬂ) = 60 V. we know the initial capacitor voltage

We have two unknowns, so we need an additional equation

dv q
% — 50 000A;¢59%% _ 500 000 A e 200000

ic = C(dvc/dt)
ic(07) = —ip(07) —ig(07) =0.3 — [ve(07)/200] =0
We have two unknowns and two equations

ve(0) = A + Ay = 60 ic(0) = —20 x 1077(50,000A4, + 200.0004,) = 0

Solving, A} =80 V and A, = —20V, so that

ve(t) = 80e™20:0000 _ 9()¢—200,000f vy >0



Example 9.3

The circuit below reduces to a simple parallel RLC circuit after t = 0.
Determine an expression for the resistor current i, valid for all time.

2k} 12 mH

A £ —
aw(j) &(ro fﬂlgmkn == 2 pF

=125 pA

Equivalent circuit for t = 0.

30 k2 C

| ic(0)

) vc(0%)
=375V

Equivalent circuit for t = 0*.



Example 9.3 (Cont.)

R = 30 k2 L =12mH C=2pF

a = 8.333 x 10° 57! wo = 6.455 x 10° rad/s. a > wy

The circuit is overdamped

ig(t) = Alf"m - Agf"ﬁ!, >0
51 = —3.063 x 105 s~ 52 = —13.60 x 10° s~
The circuitatt = 0" 2 kQ
\ ANN—— .
ir(07) =ip(07) = 4/32 x 10° = 125 A 1(07) *
4V C_’) ip(07) l g 30 kO ve(07)
ve(07) =4 x 30/32=3.75 V. )

L

Equivalent circuit for t = 0.



Example 9.3 (Cont.)

The circuit at t = 0t

ip(07) =125 pA and v (07) = 3.75 V. f”{{}_]l- l"'i‘{{}_]
i (OF ) 0*
We can calculate i;, ve=v, 3{1252 pA CD §30 K C—D ir:i?:? \%
ir(07) = 3.75/30 x 103 = 125 uA. .
ir(0)=A+ A, =125 x 102 first equation Equivalent circuit for t = 0*.

to find the second initial condition

dve

ic=C—==@2x 10730 x 10°)(As51¢"" + As2¢™)
( \ }
!
By KCL. dvg /dt, ve=v,
ic(07) =iL(07) —ir(0") =0
Thus,

—(2 x 10712)(30 x 10%)(3.063 x 10°A, + 13.60 x 10°A,) = 0 —>second equation

| 125 A t <0
B7] 161.3673063x10° _ 36 34,-13.6x10% A 45 ()



RLC Solution: Critically Damped
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The solution 1s said to be _ R 1
iti - ds : series: =
critically damped if o=, 27 '\/I
| 1
parallel: - =
2RC LC

_..1n which case the solution 1s

x(t)=e " (Xit+X,)+ X,



Example 9.5

Select a value for R, such that the circuit will be characterized by a
critically damped response for t > 0, and a value for R, such that
v(0) =2 V.

R,

Su(—t) A Cf) InF =< » -—X-—n

We note that at f = 07, the current source is on, and the inductor can be
treated as a short circuit. Thus, v(07) appears across R», and 1s given by

U(U_) = SRE

and a value of 400 m£2 should be selected for R, to obtain v(0) =2 V.



Example 9.5 (Cont.)

After the switch 1s thrown, the current source has turned itself off
and R> is shorted. We are left with a parallel RLC circuit comprised of
R;. a4 H inductor, and a 1 nF capacitor.

We may now calculate (for r > 0)

]

o = —
2RC
]

~ 2% 10°R,

and

wy =

ﬁ"—
— 0

V4 x 107

= 135,810 rad/s

Therefore, to establish a critically damped response in the circuit
fort > 0, we need to set Ry = 31.63 k€2. (Note: since we have rounded
to four significant figures, the pedantic can rightly argue that this is
still not exactly a critically damped response—a difficult situation to
credte.)



RLC Solution: Under-damped

¢ o -
J('(f) :XIE?SI —I—XEE?S‘ —I—){3 S5 :—{xi,.,}(:{z—mﬂ“

The solution 1s said to be _ R
underdampedif ,, _ series:  —— <
0 2L \LC
l 1

yarallel: <
‘ 2RC  IC

...1 which case the solution 1s

x(r)=e™ [Xl cos(@,t)+ X, Sill(mdf):l + X,
0, = o, —a’

/

natural resonant frequency



Example 9.6

Determine i (t) for the circuit, and plot the waveform.

L
i l'rIR
48!!§ t=0
3u(=1) A (D 2~]1_(]F — ’H ; § 100 O

IOHg




Example 9.6 (Cont.)

Att = 0, both the 3 A source and the 48 €2 resistor are removed.

a=12s" wp = 4.899 rad/s.

Since a < wy, the circuit 1s underdamped,

ir(1) = e"*'(Bicoswal + Basinwat) 28]

l!-l(. —_

wg = /w3 —a? = 4.750 rad/s

the circuit as itexists atf = 0~

ve(07) =97.30 V and EL(_O_)_: 2.02?A\¥

ve(0) = 9730V i (0T) =2.027 A

Substituting i; (0) = 2.027 into Eq. [28] yields B; = 2.027 A,

g




Example 9.6 (Cont.)

for the other constant

{”_.r_

E,—cr!
dt

(—Biwy sin wgt + Brwy cos mdi‘)
—ae (B cos wgt + B, sin wyt)

we know that
v (t) = L(di /dt)
v (0) = ve(07) =973V

if we multiply Eq. [29] by L = 10 H and settingt =0
ve (0) = 10(Bawy) — 10a By = 97.3

Solving, B, = 2.561 A, so that

i =e H(2.027 cos 4.75t + 2.561 sin4.75t)

) S I I O Y Y SO B
0 02 04 06 08 1.0 12 14 16 18 20




Example 9.7

Given the series RLC circuit in which L=1H, R=2kQ, C=1/401 pF,
i(0) =2 mA, and v/(0) = 2V, find and sketch i(t), t > O.




Example 9.7 (Cont.)

We find that = R/2L = 1000 s~! and wp = 1/+/LC = 20,025 rad/s.
This indicates an underdamped response; we therefore calculate the
value of wy and obtain 20,000 rad/s. Except for the evaluation of the
two arbitrary constants, the response is now known:

i(1) = e 199 (B, cos 20,000t + B; sin 20,0001)

Since we know that /(0) = 2 mA, we may substitute this value into
our equation for i () to obtain

B, = 0.002 A

and thus

i(1) = ¢ "% (0.002 cos 20,000f + B, sin 20,000¢) A



Example 9.7 (Cont.)

The remaining initial condition must be applied to the derivative;

thus,
/i
% — 199040 sin 20.000f + 20,0008, cos 20,000t
¢
— 2¢0s 20,000 — 100085 sin 20,000¢1)
and
li 1 (0
N 50,0008, —2 = 2O
dr |,_, L
ve(0) — Ri(0)
- L
2 — 2000(0.002
so that



Example 9.7 (Cont.)

The desired response is therefore
i(1) = 2¢7 1% ¢os 20,0001 mA

A good sketch may be made by first drawing in the two portions of
the exponential envelope, 2e=19% and —2¢=199 mA as shown by the
broken lines in Fig. 9.23. The location of the quarter-cycle points of the
sinusoidal wave at 20,000t = 0, w/2, . etc., or t = 0.07854k ms,
k=0,1,2,..., by light marks on the time axis then permits the oscilla-
tory curve to be sketched in quickly.

i(f) (mA)
A

2




Example 9.8

Find an expression for v(t) in the circuit, valid for t > 0.

IOVCD Eilg- %fiH




Example 9.8 (Cont.)

Thévenin equivalent resistance 3i a7

{> AW
Vst = 11i —3i = 8i =8(1) =8 V -

a=R/2L=0.8s"" and wy = 1/+/LC = 10 radss. we expect an underdamped response
ve(t) = e "% (B c0s 9.968f + B, sin 9.968t)

In considering the circuit at f = 07, we note that i (07) = 0 due to
the presence of the capacitor. By Ohm’s law, i(07) = 5 A, so

ve@) =ve(0)=10-3i =10—15= -5V

This last condition substituted into Eq. [32] yields By = —5 V. Taking
the derivative of Eq. [32] and evaluating atf = 0 yield
{TIUC

—_— = —0.8B; +9.968B, =4 4+ 9.968B,
dt |,



Example 9.8 (Cont.)

We see from figure that
dve

| =—C—

dt

Thus. making use of the fact that i (0™) = i, (07) = 0 in Eq. [33] yields
By = —0.4013 V, and we may write

ve(t) = —e 2% (505 9.9681 + 0.4013 sin 9.9681) \Y t>0

¢ 5.—r—w——rr——r—7T—rrr——r—7—r—r——rr—r—r—rr—
a i
N, 1
P i1
a I\ 1
c !
i ! ‘ f -
! f A
t ’ | ! 3
- i ! ". ': -
o { d ! : i N\
v F % ANV,
=t 1 7 % 2 \ \ s D U—
i B f e - o
u rx d X3
0 { \ | ) 1
1 f {f V
- L 8 -
t 2 ‘,. :: (
a | \V -
g i
e L -
{
»
_S X . - 4 L L 1 1 g 4 TN { i1 ' i % L 1 'y 1 % L L 2 1 |

8s 1.8s 2.85 3.8s 4.8s 5.0s O.Dﬁ
U(C1:1)- U(C1:2)

—exp(-U.B=Time)*(5*cos(9.968=Iine) + B.4013%sin(9.968=Time))

Time



Summary of Relevant Equations for Source-Free RLC Circuits

Summary of Relevant Equations for Source-Free RLC Circuits

®
Type Condition Criteria o wo Response
Parallel ]
S : 2RC 1 A + A,e?  where
verds _
- €1 lmpe o = R ﬁ .5‘1!2 — o+ m
Series —
2L
1
Parallel —
Critically damped a=w 2RC : e~ (A1t + A3)
ritic: : = ay — 1 2
. R LC
Series — Lc
2L
1
Parallel IRC | e (B cos wyt + By sinwgt).
Underdamped a < R «/__ her > .
Series LC where wg = |/wy — a



THE COMPLETE RESPONSE OF THE RLC CIRCUIT

v(t) = Uf(-r) + va(1)

ve(t) = Vg (1) = Ae™ + Be™

We now consider those RLC circuits in which dc sources are switched into the
network and produce forced responses that do not necessarily vanish as time
becomes infinite.

The general solution is obtained by the same procedure that was fol-

lowed for RL and RC circuits. The basic steps are (not necessarily in this
order) as follows:

Sl e

N

Determine the initial conditions.
Obtain a numerical value for the forced response.

Write the appropriate form of the natural response with the necessary
number of arbitrary constants.

Add the forced response and natural response to form the complete
response.

Evaluate the response and its derivative at f = 0, and employ the ini-
tial conditions to solve for the values of the unknown constants.



Example 9.9

There are three passive elements in the, and a voltage and a
current are defined for each. Find the values of these six quantities
at botht=0"and t = 0*.

— A
N lr‘;_ 300 r'rl "
4u(r) A (D ;-J,_%?. H LE==u (D 5A
» &
iR+ - iR+ vp -
—— Y} . ’ AN =
l + 300 + I r',r_l + 300 + lr’L

i
iH E vr

i 'C

[ —

-

+F CDSA

The circuit fort =0~

@

- F G 5A

IJl_ )

The circuit fort >0



Example 9.9 (Cont.)

Our object 1s to find the value of each current and voltage at both

t =07 and t = 07. Once these quantities are known, the initial values
of the derivatives may be found easily.

1. t=0" Atf = 0", only the right-hand current source is active as
depicted in Fig. 9.28b. The circuit is assumed to have been in this state
forever, so all currents and voltages are constant. Thus, a dc current
through the inductor requires zero voltage across it:

v (07) =0

and a dc voltage across the capacitor (—vg) requires zero current
through it:

ic(07)=0
We next apply Kirchhoff’s current law to the right-hand node to obtain
ig(07)=-5A
which also yields e A
i) |+ 00 + |lic
vr(07) = =150V SHE v ke (H)sa

We may now use Kirchhoff’s voltage law around the left-hand mesh,

Awdi The circuit fort =0~
ve(07) = 150V

while KCL enables us to find the inductor current,

ir(07)=5A



Example 9.9 (Cont.)

2. t = 0% During the interval fromt = 0~ to r = 07, the left-hand
current source becomes active and many of the voltage and current
ralues at 1 = 0™ will change abruptly. The corresponding circuit 1s
shown in Fig. 9.28c. However, we should begin by focusing our
attention on those quantities which cannot change, namely, the
inductor current and the capacitor voltage. Both of these must remain
constant during the switching interval. Thus,

ir(0T)=5A and ve(0T) =150V

Since two currents are now known at the left node. we next obtain

ir(0T)=—1A and vR(07) = =30V K AN
so that sa(d) ;Hi gt o +¢ :i(—gp 5A
ic0H=4A and v (0") =120V ; ;
and we have our six initial values at f = 0~ and six more at t = 07, The circuitfort >0

Among these last six values, only the capacitor voltage and the inductor
current are unchanged from the t = 0™ values.



Example 9.10

Complete the determination of the initial conditions in the circuit,
by finding values at t = 0* for the first derivatives of the three
voltage and three current variables defined on the circuit diagram.

41!“} A CT) vy 3 H % F — Ve Q) 5 A

Figure 9.31




Example 9.10 (Cont.)

We begin with the two energy storage elements. For the inductor,

B '{ﬁL
IR
and, specifically,
dig
3 (07) =L —
ve(07) dt |,_o+
Thus,
li L (0" 2
) _nO) 120 46 A
dr |,_o+ L 3
Similarly,
f.-'rb‘[' !C(O+]
— = = = 108 V/s
it | . C 1727 “




Example 9.10 (Cont.)

The other four derivatives may be determined by realizing that KCL
and KVL are both satisfied by the derivatives also. For example, at the
left-hand node in Fig. 9.31,

4—ip —ip=0 t >0

and thus.

i 1i
oL TR o5 ts0
dt dt
and therefore.
/i
Zrl — _40Ass
dt |,_o+

The three remaining initial values of the derivatives are found to be

! L]
dur — —1200 V/s
dt =0+
dvp
— = —1092 V/s
dt |_o+
and
(”r_*
= —40 A/s

dt |,_o+



