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Why do we need to use Complex Numbers?

If we know that the only independent sources in our circuit are sinusoidal,
and we know that all transients are gone (steps, switches, pulses)...

r=10

j
R
oa=—,
2L

a > @,
OVERDAMPED

x(1)=Xe" + X, + X,

P
Al
||_7

3 JoRE

@, =

NOT NECESSARY |

CRITICALLY DAMPED

()= (X7+X,)+ X,

N

), = —F7—=

o JIC

a < @,

UNDERDAMPED

X cos(m,f
@m[ , cos( d))}%

+.X, sin ( @t

...we may instead solve the circuit algebraically (e.g. nodal, mesh)
without determining mnitial conditions, final conditions, etc.




Why do we need to use Complex Numbers?
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..because most analog signals consist of one or more sinusoids, by design.

60-Hz power, 900-MHz cellular telephones, 2.4-GHz wireless internet

..because all signals (analog or digital) may be analyzed as a sum of sinusoids.

(You will see this in your Signals & Systems and Engineering Math courses.)

..because the differential equations governing practical systems are nearly
impossible to derive and are time-consuming to solve.

Software tools (e.g. Matlab) can perform complex algebra very quickly.



A Simple Circuit

Compare v (f) to v(f) for f=5kHz and f=50kHz.




Input Voltage vs Output Voltage

File  Edit

3 Ewort | [=] Persistence [¥y] Add XY [ud] Histogram [+7]FFT [ Data [&, ¢ @

Control

View

Settings

2350

&

&

AutoSet

“c Add Chann

c2

Window

Buffer

16 of 1

Help

Mode Auto

* | Type

Source

Q@

Channe ~ | Cond.

Simple

1.25V
1V
0.75V

05V

T LT s M —

ov
-0.25V
-05V
-0.75V
-1v
-1.25V

& Trig'd
T

I

!

T

‘ 2014/1117 10:18:00.721 - 81! Bfm

(v |7 Time
i Pos.

[

-80 us

f=5kHz

N
-40 us

0 ns.

Config last acq. 2014/11/17 10:18:00.752

120 us

Level

Rising -
S00mV -

Base

Offset

Range

ﬁf
20us -

20 us/div -

ov
250 mV/div

Analog ICs provided by

ANALOG
DEVICES




Input Voltage vs Output Voltage
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Why do we need to use Complex Numbers?
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Vv, = sin(2:r- 10* -z‘) \Y%
* simusoids become phasors:
V. =1.00¢'" V

+ KCL/KVL/Ohm’s Law are
solved with phasors:

V. =0.25¢*" vV

» phasors turn back into sinusoids:

v, =250sin(27-10* -1 +40°) mV

Complex algebra is the math
that electrical engineers use
to analyze AC circuits.
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Complex Numbers?

Real numbers (3, —2/7, 7) are a subset of complex numbers.

Real numbers contain the roots of some algebraic equations.

2 _ —
s- =4 > 5, =2, 85, =+2

Complex numbers contain the roots of all algebraic equations.

s =—4 > 5, ==2], 8, =42]

The mmagmary operator j (or 7 1n mathematics & physics
literature) 1s defined as

Jjo=-1



Real/Complex Numbers?
j=~-1

The product of a real number & the - 2 s
operator j 1s an imaginary number. °J _71 > > D)

The sum of a real number & an 1maginary

ber i 2+4), 1+7)
number 1s a complex number, 7 . J J

...where the real part 1s denoted a = Re{z } rectangular

...and the imaginary part 1s denoted b =Im {Z } form

Re{2+4/}=2, Im{2+4,}=4



Complex Plane

A Imaginary a =Re { Z}
J3 |
j-b=j-Im{z}
2
Jh= M M=3+1j
I | |
3 1 5 > Real
N=2-2;

Complex numbers may be visualized
as vectors 1 the complex plane.



Addition and Subtraction

I“‘ﬂg:““ry Graphical addition & subtraction
B are performed like vector addition
(“tip-to-tail”).

—

M
| Ri | 5 Real
\ 5

M+N=5-1j
Algebraic addition & subtraction
- are performed piece-wise:
M =3+1j
M = a, + b -]
N=2-2j N = a + b
M+N=5-1j M+N = (a+a,) + (b+by)-j
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Multiplication
Multiplication may be accomplished 1n rectangular form. ..
zy=a,+bj Z) 4 :(a1+b1j)(a2+b2j)
zy=a,+h,j =aya, +ab, j+a,b j+bb,j’
=a,a, +(ab, +a,b ) j—bb,
=(a,a, —bb,)+(ab, +a,b,)j

M =5+3j M-N=(5+3j)(2-4))
N=2-4j =10-207+6j-12;°
=22-14;

...but 1t 1s more easily accomplished 1n polar form.

12



Example: Complex Power

Find v xi7 1 rectangular form:

v=T7+3] mV 1"52(7+3j)(_5+4j)
i=—5+4j mA =-35-15;+28;+12/"

v=2+4+9;V,i=-3+5A

2 + 9%5;
-3 + 5%7;
vV o* T

v-i:(2+9j)(—3+5j) >> v
= —6-27/+10/-45

oo
1 1

p = —-51.0000 -17.00001

13



Exponential Form

e’ = cos(#) +  j-sin(6) 2l
0 _ cos(O N-lsin( @ assume |z is
Izl-;ﬁ' ] |Z| ‘“ZS( ) 1 J |Z|]:1]1'1( ) positive, real
a=|z|-cos(€& 1 12 A Imaginary
| | | (0) sin (&) _ tan(é)):é
b:|z|-sm(t9) cos(6) a

2

a’+b* =z -cos’ (6))+|Z|2 .sin” (0)
a* +b2 =z -{cos2 (6)+sin’ (9)} — |z|2

Na'+b% =]z

14



Rectangular to Exponential Form

A Imaginary

Refz}  tan(0) =§

S RN

[
Il

il M=4+43; z| = magnitude of z
‘ 6= phase/angle of z

|2| =47 +3° =
¢ =tan {3/4} = 37° M =5e°"

15



Polar Form

Z=Cl-|—b-j=‘2

o = |2 26

rectangular  exponential polar
A Imaginary
J3 . :
Polar form 1s a shorthand
2 z| for the exponential form.

z| = magnitude of z

6= phase/angle of z

M=4+3j=5e"" =5.37°

16



Polar Form

Determine the quantity v —v,
in polar form1f v, =0 .

110.£0°V o,
v, —v, =110£0°—110/—120° G, 110/ —240° V

=[110cos0°+ j-110sin 0°]

[ 110cos(~120°)+ ;110sin(-120°) | ¢ O o Ve
=110+ j0]=| 110-(=1/2)+ j-110-(~3/2)
e e R > v_a = 110%exp(3*0);
=165+-55\3 i_i = ;;o-*-z;(;——z*piﬁj;
:J('165)2+(ﬁ 3) tan” {55\3/165) T

ans = 190.5256
>> angle(v)*180/pi
ans = 30.0000




Multiplication in Polar Form

Multiplication 1n polar form 1s carried out using exponentials. ..

: 0 . _ jey je
Z, =6‘r'-1+blj — ‘Z'l e’é Z,+Z, =|Z,|€ 1 ‘zz‘e >
, o _ j6,+ 6
z,=a,+b,j :I>‘Z2 e’ =14llz1e
_ j(6,+6,)
=1z,||z.|e
z, = |z|£6,, z,=|z,|£6 2,2, =|z)||z,| £(6,+ 6,)

M =3+4j=5/53°
% M - N =(5253°)(3.2£45°)

3
N =—=+—=j=3/45° —15.,98°
NN 15298

18



Division in Polar Form

Z, = |zl|46?1 , Z, = |22|46?1

| .
|21|'3ﬁ1 _ |le e’ |Zl

— — e.fel—fez
Jjo, J6,
|Zzle ) |Zz|e ) |Zz|
z, /206 |Z |
1 1 _ 171 .
49 o 4(91 92)
Z; 2 |Zz|

M =6+8;=104£53°
5

5
N:\/EJF\/E

M/ N =(10£53°)/(54£45°)
J=35£45° —2/8°

19



Example

Determine the ratio of v, to i;:

izh_ill(erz _911)

i, ]

v, —3J3+3; mV
I 1"'].\’6 mA

: Ohm’s Law

\/(3J§)2 +(3) 2t |I/=B) 6 1500

\/(1)2+(\/§)24tan‘ {«ﬁ} - 2460°



Complex Conjugate

The complex conjugate of z is denoted z°

andif z=g+bh-j then z =a-b-j

4 Imaginary The conjugate of z 1s the same
N |
/ number, except that the
21 1maginary part 1s negated.
M =3+1j
JH
| /l | | > Real g .
-1 0 T~n_2 3 4 5 Graphically, the complex
1 S conjugate of z 1s the
, =3-1y mirror 1mage of =z
el y :
across the Real axis.

21



Example : Power Absorbed

Write the quantity V' x /* 1n polar form, given

V.I :(3—5j)(6—7j)
=18-30;-21;-35
=—17-517 mW

VoI =\17* +51% tan™ {~51/-17}
= 53.8/-108° mW

VoI = {344 -59°| {J85 £~ 49°]
—34-85/ —59°-49°

=53.8£4-108° mW

V=3-5; V
I=6+7] mA

>

>

>> 8

S = -17.0000 -51.00001

Vv =3 - 5%;
I =6 + 7*j;
=V * conj(I)

>> abs (5)
ans = 53.7587
>> angle (S)*180/pi

ans = —-108.4349
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Alternating Current (AC) - Sinusoidal

<
o

e
T

I/:H .Sin((ﬂt+¢0) ° ¢O

/

[
BN oA

ta |~

| i
> 1 (8)
T
.\B/
_Vm —

\| - !f ® fK \)—> Direction of
.’il |I i %L chal:cs ::::.:Ili(:m
/% '\N/ ‘

Individual charges

\I

B «—|'f"\1‘l ’ C. ./
NG 2 d—

J, = amplitude (in Volts), ¢, = phase (in radians)

@ = frequency (in radians/second)

I' = period (in seconds)

f = frequency (in cycles/second) = 1/T = o/ 2x

V, -sin(orf+¢)) =V, -cos(ot+¢,—r/2)
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Sinusoids

v, (2)=V,, -sin(et), v,(t)=V,

H

-sin (ot +0)

V., sin wt

[ N1y
T INL

m—  V,sin(wt+0)

v, “leads” v, by &
v, “lags” v, by &

24



Sinusoids and Exponential Form

v (1)=V, -sin(at), v,(t)=V,  sin(wr+0)
j:
Vi [ V.. sin i
| 8/ l / | / \{ > (1]
- ar i
s
Vo~ V,, sin(wt +0)

e/? = cos(@)+ j-sin(6)

v, e\ =1 cos(at+6)+ j-V, sin(ar+6)

i

Re{V ej(mr+6)} =V, cos(awr+6) Im{V e‘f(‘mﬂg)} =V sin(wr+0)

Y



RL Circuit with a Sinusoidal Source

]
—

R
V, cos(ar) Ci,) L

(1) + i (1) = —cos(or)

-- oscillates forever
-- never sefttles to a DC value (e.g. zero)

It’s possible that the solution 1s of the form i(f) =/, cos (a)f + 9)
Substituting i(7) into the differential equation...

-
s

—ol, sin(wt +6) +§IO cos(art+6)= %Ocos(a)f)

Solving for /, and substituting back into i(7) yields

t- - ¢t " TS TSN : :
_ . v | P [ @l amplitude scaling,
i(t)5 00s{ @t wtan~ | — [ | =
|
|
/

phase shift

26



RL Circuit with a Sinusoidal Source

IPRINT
Vin__ 0 — |
‘2k Vout
| s
VOFF = 0 (\y Vg f.tﬁzmuH A
VAMPL = 5
FREQ = 1Meg r soul L AL |
AC = 0s
L 400 uH
5.7=5-==(5)——=1lps
R 2 kQ

transient

The RL circuit’s transient response
1s negligible after ~ 5.

The remaining response is sinusoidal. Ry 2 d-ous o B-fus




RC Circuit with a Sinusoidal Source

Vln f\)f\\'.,"r\v ]
2k
ST +
vorr=0 () Vs Ve

VAMPL =5

FREQ = 1Meg —
AC =

5:-t=5-RC

: g% IPRINT

Vout

~~ 100p

=(5)(2 kQ)(100 pF)=1ps

The RC circuit’s transient response

1s negligible after = 57.

The remaining response 1s sinusoidal.

transient

5.au
au
AR TR S e N SR T T S
_E.BU " " L ~! L L L 1 L L [ L L 1 "
Bs 1.68us 2.8us 3.8us 4 .8us
o U(Uin)

o U{Uout)
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RLC Circuit with a Sinusoidal Source

——
. V_RLC
‘ IPRINT +
16u
IOFF = 0 (;\ | ® Ve
IAMPL = 1m\_"/ < 10 J
FREQ = 2k > J16mH | —
1 _}
’ .

V. (f) =¥ [Vl cos(a,t)+7, sm((adr)] +7

gL . 3105 1ad
2RC 2-10Q-16 uF S

f nﬂﬁ% ~1.6ms

The RLC circuit’s transient response
1s negligible after = 7 .

The remaining response is sinusoidal.

transient

1.ﬂmF|l
8 - A - :
~1.6nA I, A ;
s 1.8ms 2.0ms 3.08ns
o I1(PRINT1)
Time

1BmU
s

{
|
|
|

au

|

|

. 11
1 8ny 1N

—— ——
T T

s A.5ms

o U(U_RLC)

1.0ms

1.5ms

Time

]
2 .8ms

2.5ms



RLC Sinusoidal Steady State Dema

500 Q
168
uH
200 pF
| 1
|
— Ve +

For a circuit that
contains at least one
sinusoidal source. ..
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® 1nF/5

E e e W - e E &€ ‘.-"; I\_.-

L - 1

& & was semsm U T

R e

After the transients have died out (7 > Sror 7 > 1,), the remaining response
(1.e. the voltage or current anywhere in the circuit) is sinusoidal.
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Consequences of Linearity

linear

X, (f ) network l W (f )

N

Ax (1=1,)+ j-Ax, (1-1,) (i

Re {4, (1=4)+ 4, (1-1,)}

:Alxl(r_rl)

Im{AIJ:] (t—1)+ - Ax, (11, )}
= Ayx, (1-1,)

Y

2.

Y

N

Y

linear
network l Y, (f )
N

A (t=1)+ 7 Ay, (1-1,)
Re{A]}-’l (1=t)+7 -4y, (1t )}
=4y (t-1)

Im{Aﬂ"l (1=t)+7 -4y, (1, )}
=4y, (1-1,)

The real part of the response 1s caused by the real part of the source(s).
The mmaginary part of the response 1s caused by the imaginary part of the source(s).
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Consequences of Linearity

V. cos(at—6) @

J-V,sin(of—6) @

| I, cos(at—0,)

l J1,sin( ot -6 )

e’’ =cos(0)+ j-sin(O)

7 ej((or—{?l} @

Re{pj”ef'(""*“f“} @

l I e J(ar—86,)

1 Re { Ie (0r=6) }

32



Sinusoidal vs. Complex Representation

v, cos(at—6,) ({ N | 1, cos(ar-6,)

Re KHEJ (or-6,) @ N l Re {]mej(mr—ﬁg)}
PHASOR
notation
KHLQI @ N l [11;492

33



Phasor Notation

I, cos(art+6,)
—

3

V, cos(at+6)

VWV
R
C

V. cos(wr+6,) = Re {T; /o) }

I, cos(art+6,) = Re{fmeﬂmwﬂ}

Assume all voltages & currents

oscillate with frequency =27/ .

~
N
D
'
[l-..
iy

Rell e} = T, =7,26

Re

{

m

Jjor ,J6, o _
I e’”e } = [ e’ =1 26,

- phasor notation

Pick off the amplitude & phase for each v/i ;

write each in polar form.

34



Phasor Voltage vs. Current: R, L, C

v(t)=V, cos(ex+6,)

i(t)=1,cos(at+6,)

v(1)=Ri(1)
For this equation to be true,
V=1 -R and 6 =6,
vand i are
I in phase
—_—
O
+
V=RI R
0

(=L, (1)

dt
For this equation to be true,
6-6,+90° . 2_pf
I?J’i'
v leads i
I by 90°
——
O
+
V=jall L
O

_ o d
lo (.f) =C 'Ev{: (T)

For this equation to be true,

I
6,=6,+90° ., Z=aoC

-
y

m

I=joCV I leads v
— by 90°
O
+
Vv —_ C
0

35



Determine v(7).

5

Convert to phasor form...

i, (£)=8cos(27-10°4+30°) mA ()

Example

§ 10 3 = ()

I, =8230°mA (1)

Li| L|| I|| *

70 Q nH 2nbF| -

Employ the appropriate Kirchhoff Law(s)...

S—l— A — joC-V =0
R joL
8./30°— v

70 j(27-10°)(10-10°)

—j(27:10°)(2:107)- V=0

36



Example

Determine v(7).

i, (1) =8cos(27-10°7+30°) mA ()

70 Q)

§ 103

wH

2nF

« Convert between rectangular & polar forms as necessary...

VvV - Vv
70 j(27-10°)(10-10°)

8/30° —

V{ L, +j(0.0126)} —8./30°

70 7(62.8)

V -(0.0143 —0.0159;+0.0126,j) =8.£30°

V-(0.0143-0.0033,) =8£30°

V-{0.0147£-13° =8430°

- j(27-10°)(2:107)- V=0



Example

Determine v(7).

i, (1) =8cos(27-10°7+30°) mA () § 10

== +(1

70 Q uH 2nF| _—

Convert between rectangular & polar forms as necessary...

V-{0.0147£-13°} =8/30°

vo_ SO0 mA o asemy
0.0147/-13° Q

Convert from phasors to time domain. ..

omega = Z2*pi*l0™e;
T = 8%exp(j*30*pi/180);
R = 70;
L = 10e-6;
C = 2e-9;
Y = (1/R + 1/ (j*omega*L) + j*omega*C);
v =1I/Y%Y;
abs (V)
ans =
angle (V) *180/pi
ans =

545.2174

43,1941

38



Impedance

Impedance, Z is the ratio of phasor voltage to phasor current
for an electrical element or network. -2 like resistance, but it 1s complex

-- [t 1s a measure of an element/network’s ability to impede current flow.

For a resistor, V=R1 = Z,=R

1= -- current and voltage are always in-phase
| -- there 1s no frequency dependence

For an inductor, V=joL-1 = Z,=joL

-- voltage always /eads current by 90°
-- at higher frequencies, /ess current 1s passed (for constant V")

For a capacitor, I=joC-V = Z.=1/joC

——j/aC
-- current always /eads voltage by 90°

-- at higher frequencies, more current is passed (for constant V)

39



Impedance vs. Frequency

Resistor Impedance vs. Frequency

w=2rf

300
E 200 F
~ m R=1000Q
Ay
D 1 1
2 3 4 5 G 7 8 9 10
@ Inductor Impedance vs. Frequency
x 300 T T T T _ . -y
2 o100t - . ZC = 1/](0(,
S E o} L=3pH A
— 3 _ . ~
’%P: 100 :r' 100 /// J |ZC| — l/({)(
g L 1 1 1 1 L - G
0 - ' L L : : - —
& 2 3 4 5 6 7 8 2 3 4 5 6 7 8 10 H(ZC)——E)O
Frequency (MHz)
2 Capacitor Impedance vs. Frequency
7 =R 2 - 300 T T T " T 1
. g £ | C =300 pF |
Z,|=R - <
R 5 100 o 10} —
(13 L 1 L L L 1 —
9 — 0 = 2 3 4 5 6 7 8 0 : - - : , .
( R) Frequency (MHz) 2 3 4 5 B 7 a 9 10
w
- i)
_ 1)
Z, =joL 2 ol ]
=
— — O -
|Z— L| = oL o
- -100}
0(Z,)=90° £ e
L) — o 2 3 4 5 b 7 g =) 10
Frequency (MHz)




IU‘S +|I\‘S+|_§+

w:+

N

KVL, Impedances in Series

V.=V +V,+V.+..+V, vV
=1|Z,+Z,+..+Z,] =5

N
2.Z,
=1-) Z, -

n=l

Impedances in series are combined /ike resistors in series.

41



KCL, Impedances in Parallel

I =1 +L +L,+...+1,

I
— =V|/Z,+/Z, +..+1/Z .
+ in 113 ll?, iIN [il /2 /Zy]
=V-2 1z,
v Zl Zz Z3 ZN n=1
_ vo_L

Impedances in parallel are combined /ike resistors in parallel.

N N
YR,=Y YR, W YZ,=YVz, 7, -2L

n=1 n=l Zl + Z,}

42



Example

Determine the equivalent A4 I I 11
impedance of the network at 333 1o6H
terminals 4—B if @ = 5 rad/s. mkFE 100 L
4 Q 20 mkF
B
* (Convert all resistances, ) || v
inductances, capacitances 4 !l 2 )
. _ | —67 Q) J
into impedances...
Z.-R 40 20 2/ 0
L, =joL B

Z.=—j/oC

43



Example

A |1
Combine impedances in series & _6'_'Q r;i?
parallel, starting away from A-B 7 1
and working towards A-B... 49 20 20 |
B
2)( 27 4. -90°
=) =\2£-45°=1-; O 02 yoT
(2-2j) B8z-45° 2 20
o
- 8 O
Z,=7,+8)—6] 6 Y

=1-j+8j-6j=1+;Q




Example

Combine impedances in series &
parallel, starting away from 4-B
and working towards A-B...
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Example

Determine the equivalent 4 I I 411
impedance of the network at 333 1.6H
terminals A-B if @= 5 rad/s. mkF 100
4 Q 20 mF
B
omega = 5; Z Ccl = 1/(j*omega*Cl); Z eql = Z C1*Z R1/(Z Cl1 + Z R1);
Cl = 100e-3; Z C2 = 1/(j*omega*C2); Z eq2 = Z eql + Z L1 + Z C2;
C2 = 33.3e-3; Z R1 = RI1; Z ab = Z R2*7Z eq2 / (Z R2 + Z eqg?2)
R1 = 27 Z R2 = RZ; 2z ab =
RZ2 = 4; Z L1 = j*omega*Ll; 0.9217 + 0.61201
L1 = 1.6; abs (Z_ ab)
ans = 1.1063
phase (Z _ab)*180/pi
ans = 33.5837




Reactance

When impedance 1s expressed in rectangular form, /, =V / I=R+ ] X

R 1s the resistance and X 1s the reactance.

Reactance 1s a measure of the energy-storage capability of an electrical network.

For a resistor, Z,=R — X=0

-- Zero reactance (cannot store electromagnetic energy)

For an inductor, L, =jol = X=owL

-- at higher frequencies, reactance 1s higher (stores more electromagnetic energy)

For a capacitor, Z.=1joC — X=l/aC

-- at higher frequencies, reactance 1s lower (stores /ess electromagnetic energy)
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Admittance

Admittance, Y 1s the ratio of phasor current to phasor voltage
for an electrical element or network. =2 like conductance, but it 1s complex

For a resistor, V=R1I = Y.,=lR =G

-- current and voltage are always in-phase

-- there 1s no frequency dependence

For an inductor, Z,=jol — Y, =1/jol =—j/oL

-- voltage always /eads current by 90°
-- at higher frequencies, /ess current is passed

Fora capacitor, Z.=1/joC = Y.=joC

-- current always /eads voltage by 90°
-- at higher frequencies, more current is passed
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Determine v (7).

Example

30 cos(407 +

Convert the circuit from the time domain

to the phasor domain.

Zo=—j/oC=—j/(40-4.17-10°) =6 kQ

Use KVL/KCL to solve for V/I

in the phasor domain.

8 kQ)

o +
200V C) Ve A< 4.17 uF

— A
8k +
30£20° _
v _) V== -6 kQ
I —_

—%0420°+I(8 +1(=6/)=0

)
=(=67)(1)
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Example

. —MW
Determine v (7). R kO
+
30 cos(401+ 209 v () ' 2R 4.17 uF
+ Perform complex algebra to find V/1...
—30420°+I(8)+I(—6j) =0 1(8—6‘}') =30£20°
3 o 3 o 3 O
I = 0429 V: ,, ,0420 | _. 04209:3457"1111%
§-67kQ 8 +6'Ltan ™ {-6/8} 10£-37
Ve= (_GJ kQ)(2 £37° mA) » Convert back to the time domain...

=(6£-90°kQ)(3£57° mA)
=184-33°V
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