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EXAMPLE 6-1
Express Newton'’s first, second, and third laws.

Newton’s first law states that “a body at rest remains at rest, and a body in motion
remains in motion at the same velocity in a straight path when the net force acting
on it is zero.” Therefore, a body tends to preserve its state or inertia. Newton’s
second law states that “the acceleration of a body is proportional to the net force
acting on it and is inversely proportional to its mass.” Newton’s third law states
“when a body exerts a force on a second body, the second body exerts an equal
and opposite force on the first.”

EXAMPLE 6-2
Is momentum a vector? If so, in what direction does it point?

Since momentum (ml7) is the product of a vector (velocity) and a scalar (mass),
momentum must be a vector that points in the same direction as the velocity
vector.
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EXAMPLE 6-3
Express the conservation of momentum principle. What can you say about the
momentum of a body if the net force acting on it is zero?
The conservation of momentum principle is expressed as “the momentum of a system
remains constant when the net force acting on it is zero, and thus the momentum of such

systems is conserved”. The momentum of a body remains constant if the net force acting on
it is zero.

EXAMPLE 6-4

Express Newton’s second law of motion for rotating bodies. What can you say
about the angular velocity and angular momentum of a rotating nonrigid body of
constant mass if the net torque acting on it is zero?

Newton’s second law of motion, also called the angular momentum equation, is expressed
as “the rate of change of the angular momentum of a body is equal to the net torque acting
it.” For a non-rigid body with zero net torque, the angular momentum remains constant, but
the angular velocity changes in accordance with /w = constant where | is the moment of
inertia of the body.

EXAMPLE 6-5
Consider two rigid bodies having the same mass and angular speed. Do you think
these two bodies must have the same angular momentum? Explain.

No. Two rigid bodies having the same mass and angular speed will have different angular
momentums unless they also have the same moment of inertia /.
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Sample Questions and Answers

S Prof. Dr. Ali Pinarbasi Chapter 6: MOMENT ANALYSIS OF FLOW SYSTEMS




"
EXAMPLE 6-6

Explain the importance of the Reynolds transport theorem in fluid mechanics, and
describe how the linear momentum equation is obtained from it.

The relationship between the time rates of change of an extensive property for a
system and for a control volume is expressed by the Reynolds transport theorem,
which provides the link between the system and control volume concepts. The

linear momentum equation is obtained by setting b = V and thus B = mV in the
Reynolds transport theorem.

EXAMPLE 6-7

Describe body forces and surface forces, and explain how the net force acting on
control volume is determined. Is fluid weight a body force or surface force? How
about pressure?

The forces acting on the control volume consist of body forces that act
throughout the entire body of the control volume (such as gravity, electric, and
magnetic forces) and surface forces that act on the control surface (such as the
pressure forces and reaction forces at points of contact). The net force acting on a
control volume is the sum of all body and surface forces. Fluid weight is a body
force, and pressure is a surface force (acting per unit area).
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EXAMPLE 6-8

How do surface forces arise in the momentum analysis of a control volume? How
can we minimize the number of surface forces exposed during analysis?

All of these surface forces arise as the control volume is isolated from its
surroundings for analysis, and the effect of any detached object is accounted for
by a force at that location. We can minimize the number of surface forces
exposed by choosing the control volume such that the forces that we are not
interested in remain internal, and thus they do not complicate the analysis. A well-
chosen control volume exposes only the forces that are to be determined (such as
reaction forces) and a minimum number of other forces.

EXAMPLE 6-9

What is the importance of the momentum-flux correction factor in the momentum
analysis of slow systems? For which type of flow is it significant and must it be
considered in analysis: laminar flow, turbulent flow, or jet flow?

The momentum-flux correction factor 3 enables us to express the momentum flux
in terms of the mass flow rate and mean flow velocity as

fAc pV (V- i)dA, = BV . The value of B is unity for uniform flow, such as a jet

flow, nearly unity for turbulent flow (between 1.01 and 1.04), but about 1.3 for
laminar flow. So it should be considered in laminar flow.
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EXAMPLE 6-10

Write the momentum equation for steady one-dimensional flow for the case of no
external forces and explain the physical significance of its terms.

The momentum equation for steady one-dimensional flow for the case of no

external forces is
Zﬁ = Z@W—Z,&W

out in

where the left hand side is the net force acting on the control volume, and first
term on the right hand side is the incoming momentum flux and the second term is
the outgoing momentum flux by mass.

EXAMPLE 6-11

In the application of the momentum equation, explain why we can usually
disregard the atmospheric pressure and work with gage pressures only.

In the application of the momentum equation, we can disregard the atmospheric
pressure and work with gage pressures only since the atmospheric pressure acts
in all directions, and its effect cancels out in every direction.
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EXAMPLE 6-12
Two firefighters are fighting a fire with identical water hoses and nozzles, except
that one is holding the hose straight so that the water leaves the nozzle in the
same direction it comes, while the other holds it backward so that the water

makes a U-turn before being discharged. Which firefighter will experience a
greater reaction force?

The fireman who holds the hose backwards so that the water makes a U-turn before being
discharged will experience a greater reaction force since the numerical values of momentum
fluxes across the nozzle are added in this case instead of being subtracted.

EXAMPLE 6-13

A rocket in space (no friction or resistance to motion) can expel gases relative to
itself at some high velocity V. Is V the upper limit to the rocket’s ultimate velocity?

No, V is not the upper limit to the rocket’s ultimate velocity. Without friction the rocket
velocity will continue to increase as more gas outlets the nozzle.

EXAMPLE 6-14

A rocket in space (no friction or resistance to motion) can expel gases relative to
itself at some high velocity V. Is V the upper limit to the rocket’s ultimate velocity?

No, V is not the upper limit to the rocket’s ultimate velocity. Without friction the
rocket velocity will continue to increase as more gas outlets the nozzle.
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EXAMPLE 6-14
Describe in terms of momentum and airflow why a helicopter hovers.

A helicopter hovers because the strong downdraft of air, caused by the overhead
propeller blades, manifests a momentum in the air stream. This momentum must
be countered by the helicopter lift force.

EXAMPLE 6-15

Does it take more, equal, or less power for a helicopter to hover at the top of a
high mountain than it does at sea level? Explain.

As the air density decreases, it requires more energy for a helicopter to hover,
because more air must be forced into the downdraft by the helicopter blades to
provide the same lift force. Therefore, it takes more power for a helicopter to
hover on the top of a high mountain than it does at sea level.
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EXAMPLE 6-16

In a given location, would a helicopter require more energy in summer or winter to
achieve a specified performance? Explain.

In winter the air is generally colder, and thus denser. Therefore, less air must be
driven by the blades to provide the same helicopter lift, requiring less power.

EXAMPLE 6-17

A horizontal water jet from a nozzle of constant exit cross section impinges
normally on a stationary vertical flat plate. A certain force F is required to hold the
plate against the water stream. If the water velocity is doubled, will the necessary
holding force also be doubled? Explain.

The force required to hold the plate against the horizontal water stream will
increase by a factor of 4 when the velocity is doubled since

F=mV =(pAV)V = pAV*
and thus the force is proportional to the square of the velocity.
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EXAMPLE 6-18
constant-velocity horizontal water jet from a stationary nozzle impinges normally
on a vertical flat plate that is held in a nearly frictionless track. As the water jet hits

the plate, it begins to move due to the water force. Will the acceleration of the
plate remain constant or change? Explain.

Nozzle e
m——
~Water jet

The acceleration will not be constant since the force is not constant. The impulse
force exerted by water on the plate is F = mV = (pAV)V = pAV?, where V is the
relative velocity between the water and the plate, which is moving. The plate

acceleration will be a = F/m. But as the plate begins to move, V decreases, so the
acceleration must also decrease.
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EXAMPLE 6-19
A horizontal water jet of constant velocity V from a stationary nozzle impinges
normally on a vertical flat plate that is held in a nearly frictionless track. As the

water jet hits the plate, it begins to move due to the water force. What is the
highest velocity the plate can attain? Explain.

The maximum velocity possible for the plate is the velocity of the water jet. As
long as the plate is moving slower than the jet, the water will exert a force on the
plate, which will cause it to accelerate, until terminal jet velocity is reached.
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EXAMPLE 6-20

Show that the force exerted by a liquid jet on a stationary nozzle as it leaves with
a velocity V is proportional to V2 or, alternatively, to m2.

Assumptions 1 The flow is steady and incompressible. 2 The nozzle is given to be
stationary. 3 The nozzle involves a 90° turn and thus the incoming and outgoing flow
streams are normal to each other. 4 The water is discharged to the atmosphere, and thus
the gage pressure at the outlet is zero.

Analysis We take the nozzle as the control volume, and the flow direction at the outlet as
the x axis. Note that the nozzle makes a 90° turn, and thus it does not contribute to any
pressure force or momentum flux term at the inlet in the x direction. Noting that m = pAV
where A is the nozzle outlet area and V is the average nozzle outlet velocity, the momentum
equation for steady one-dimensional flow in the x direction reduces to

/

Z F= Z BtV — Z gV - Fp =i, V, . = [V

1
1
1
1
out m ! -
Liquid | Nozzle I
, : L —t
where F, is the reaction force on the nozzle due to liquid jet at : '
the nozzle outlet. Then, | /_
! ] Fr
= pAV — Fe =PV =PoAdVV = foAV? or Fn = itV = B ”; ok ”4
o J o

Therefore, the force exerted by a liquid jet of velocity V on this stationary nozzle is
proportional to V2, or alternatively, to m?.
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EXAMPLE 6-21
A horizontal water jet of constant velocity V impinges normally on a vertical flat
plate and splashes off the sides in the vertical plane. The plate is moving toward

the oncoming water jet with velocity ’2V If a force F is required to maintain the
plate stationary, how much force is required to move the plate toward the water

jet?

Assumptions 1 The flow is steady and incompressible. » s

2 The plate is vertical and the jet is normal to plate. —_— -
3 The pressure on both sides of the plate is atmospheric Water jet A

pressure (and thus its effect cancels out). 4 Fiction during
motion is negligible. 5 There is no acceleration of the plate. 6 The water splashes
off the sides of the plate in a plane normal to the jet. 7 Jet flow is nearly uniform
and thus the effect of the momentum-flux correction factor is negligible, B = 1.
Analysis We take the plate as the control volume. The relative velocity between
the plate and the jet is V when the plate is stationary, and 7.5V when the plate is
moving with a velocity 2V towards the plate. Then the momentum equation for
steady one-dimensional flow in the horizontal direction reduces to

YFE=) paV-> paV — -Fp=-mV, - Fp=mp,

ot in
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Stationary plate: (V; =V and ;= pAV, = pAV ) —> Fp=pA Vvi=F

Moving plate:  (V, =15V and m; = pAV, = pA(1.5V)) —> Fi = pA(1.5V)* =2.25p4V % =2.25F

Therefore, the force required to hold the plate stationary against the oncoming
water jet becomes 2.25 times when the jet velocity becomes 1.5 times.

Discussion Note that when the plate is stationary, V is also the jet velocity. But if
the plate moves toward the stream with velocity Y2V, then the relative velocity is

1.5V, and the amount of mass striking the plate (and falling off its sides) per unit
time also increases by 50%.
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EXAMPLE 6-22
A 90° elbow is used to direct water flow at a rate of 25 kg/s in a horizontal pipe
upward. The diameter of the entire elbow is 10 cm. The elbow discharges water
into the atmosphere, and thus the pressure at the exit is the local atmospheric
pressure. The elevation difference between the centers of the exit and the inlet of
the elbow is 35 cm. The weight of the elbow and the water in it is considered to be

Assumptions 1 The flow is steady, frictionless, incompressible, and irrotational
(so that the Bernoulli equation is applicable). 2 The weight of the elbow and the
water in it is negligible. 3 The water is discharged to the atmosphere, and thus the
gage pressure at the outlet is zero. 4 The momentum-flux correction factor for
each inlet and outlet is given to be B8 = 1.03.

Properties We take the density of water to be 1000 kg/m3.

Analysis (a) We take the elbow as the control volume, and designate the
entrance by 1 and the outlet by 2. We also designate the horizontal coordinate by
x (with the direction of flow as being the positive direction) and the vertical
coordinate by z. The continuity equation for this one-inlet one-outlet steady flow
system is m, = m, = m 30kg/s Noting that m = pAV, the mean inlet and outlet
velocities of water are

1 7 25ke/s .
Pr= == — i =3.18 m/s

pd p(aD*/4) (1000 kg/m*)[7(0.1m)* / 4]

17 Prof. Dr. Ali Pinarbasi Chapter 6: MOMENT ANALYSIS OF FLOW SYSTEMS




"
Noting that V, = V, and P, = P,,,,, the Bernoulli equation for a streamline going
through the center of the reducing elbow is expressed as

BV B Vs

L+l pa="24+ 242 5 B-PB=p(5-7) > Bae=pGE-3)

rg g reg  2g )
Substituting,

" 1kN ,
B sage = (1000 kg.-"'lni“_}(Q.Sl 111-"'5‘}_“1(0.35 m) _ | =3.434kN/m” = 3.434 kPa
- | 1000kg - m/s” |
(b) The momentum equation for steady one-dimensional flow

YF = ZoutﬁmV = D ﬁrhf/ . We let the x- and z- components of the anchoring
force of the elbow be Fg, and Fg,, and assume them to be in the positive
directions. We also use gage pressures to avoid dealing with the atmospheric
pressure which acts on all surfaces. Then the momentum equations along the x
and y axes become

Foo + P o Ay =0— Bin(+V,) =itV
Fr. = fin(+V,) = pinV’

Solving for Fg, and Fg,, and substituting the given values,
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Water
25 kg/s
1
oy = — MV — lgag&AI
T . 1IN v i
=—1.03(25 kg/s)(3.18 m/s) — (3434 N/'m " )[7(0.1m)~ / 4]
L 1kg-m/s”
=—109N
IN
ﬁ.‘rnV—l(}%{”‘ﬁLgn}{%181115)‘ —|=819N
lkg m/s~ |
[ .n 3 { 7 . F ] A
and Fyp=,Fg +Fp =4/(-109)" +819° =136N, &= tan —2 = tan! E:—j?‘j:143°
\ ~ Fa. ~109

Discussion Note that the magnitude of the anchoring force is 136 N, and its line
of action makes 143° from the positive x direction. Also, a negative value for Fg,
indicates the assumed direction is wrong, and should be reversed.
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EXAMPLE 6-23

Repeat Prob. 6-22 for the case of another (identical) elbow being attached to the
existing elbow so that the fluid makes a U-turn.

Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible,
and irrotational (so that the Bernoulli equation is applicable). 2 The weight of the
elbow and the water in it is negligible. 3 The water is discharged to the
atmosphere, and thus the gage pressure at the outlet is zero. 4 The momentum-
flux correction factor for each inlet and outlet is given to be B = 1.03.

Properties We take the density of water to be 1000 kg/m3.

Analysis (a) We take the elbow as the control volume, and designate the
entrance by 1 and the outlet by 2. We also designate the horizontal coordinate by
x (with the direction of flow as being the positive direction) and the vertical
coordinate by z. The continuity equation for this one-inlet one-outlet steady flow
system is m, = m, = m = 30 kg/s. Noting that m = pAV, the mean inlet and outlet
velocities of water are

7l Iit 25kg/s

= ——— = . — ——=3.18m/s
ed  p(xD-74) (1000 kg/m~)[7(0.1m)~ /4]

Vi=V,=V=

Noting that V, = V,and P, = P, the Bernoulli equation for a streamline going
through the center of the reducing elbow is expressed as
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—+L 42 __]_L%_F—_E ¥ H_PEZFE{:E_:I}_} A gage = P8(22—71)

pg g g 2g o
Substituting,

" .1 ([ 1kN )
B gage = (1000 kg/m’)(9.81m/s*)(0.70 m) — | = 6.867kN/m"~ = 6.867 kPa
N 1000 kg-m/s”™ |

(b) The momentum equation for steady one-dimensional flow is

YF = ZoutﬁmV — D ﬁrhl_/). We let the x- and z- components of the anchoring
force of the elbow be Fg, and Fg,, and assume them to be in the positive
directions. We also use gage pressures to avoid dealing with the atmospheric
pressure which acts on all surfaces. Then the momentum equations along the x
and z axes become

Fo + P .. 4, = Bis(=V,) - Bis(+Vy) = =2 pinV’
Fp, =0

Solving for Fg, and substituting the given values,
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Water

25 kg.-"s®

_gageAl

Fp. =—2pmV —P,
[ IN )

7
\ 1kg-m/s” |

=—2x1.03(25 kg/s)(3.18 m/s)

— (6867 N/m?)[7(0.1m)~ / 4]

=—-218N

and Fr = F, = - 218 N since the y-component of the anchoring force is zero.

Therefore, the anchoring force has a magnitude of 218 N and it acts in the
negative x direction.

Discussion Note that a negative value for F, indicates the assumed direction is
wrong, and should be reversed.
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EXAMPLE 6-24
A reducing elbow is used to deflect water flow at a rate of 30 kg/s in a horizontal
pipe upward by an angle 6 = 45° from the flow direction while accelerating it. The
elbow discharges water into the atmosphere. The cross-sectional area of the
elbow is 150 cm? at the inlet and 25 cm? at the exit. The elevation difference
between the centers of the exit and the inlet is 40 cm. The mass of the elbow and

the water in it is 50 kg. Determine the anchoring force needed to hold the elbow in
place. Take the momentum-flux correction factor to be 1.03.

25 cm?
M
"'.;45 &

150 cm?
|

Water —E o '

Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible, and
irrotational (so that the Bernoulli equation is applicable). 2 The weight of the elbow and the
water in it is considered. 3 The water is discharged to the atmosphere, and thus the gage
pressure at the outlet is zero. 4 The momentum-flux correction factor for each inlet and
outlet is given to be 8 = 1.03.

Properties We take the density of water to be 1000 kg/m?.

Analysis The weight of the elbow and the water in it is

40 em
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W =mg =(50kg)(9.81 m/s”) =490.5N =0.4905 kN

We take the elbow as the control volume, and designate the entrance by 1 and
the outlet by 2. We also designate the horizontal coordinate by x (with the
direction of flow as being the positive direction) and the vertical coordinate by z.
The continuity equation for this one-inlet one-outlet steady flow system is m, = m,
= = 30 kg/s. Noting that m = pAV, the inlet and outlet velocities of water are

_m 30 kg/s :
Vi = = — e ———=2.0m/s
P4y (1000 kg/m™ )(0.0150m~)
] 30 kg/s
V5 = o - o =12m/s

pd, (1000 kg/m?3)(0.0025m?)

Taking the center of the inlet cross section as the reference level (z, = 0) and

noting that P, = P_,., the Bernoulli equation for a streamline going through the
center of the reducing elbow is expressed as

BV B Vi = o
—l-l——l:—:l: ~+—=+z, = A-B=p—= i :1—:1‘—:» Plgagengi 2 ko
Pz 2g P 28 = | 2g E | 2¢g =
Substituting,
N T ey A
B gage = (1000 kg/m’)(9.81m/s%) UZm/s) —(2m/s) +0.4 ‘I e i= 73.9 kN/m” = 73.9kPa

2(9.81m/s%) | 1000 kg - m/s>
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The momentum equation for steady one-dimensional flow is Y F = ¥, BV — Y. BmV. We
let the x- and z- components of the anchoring force of the elbow be Fg, and Fg,, and
assume them to be in the positive directions. We also use gage pressures to avoid dealing
with the atmospheric pressure which acts on all @

surfaces. Then the momentum equations along )
5] 4
the x and z axes become 25 cm

Fpe + P gage Ay = pMV, cos8— pmVy and Fgp. —W = fmV, sin 6
Solving for Fg, and Fg,, and substituting the given
Fry = piti(V, €08 0 —V1) — Py gp0e 4

| L 1kN “'
=1.03(30 kg/s)[(12c0s45°-2) m/s]| - ‘
| 1000 kg-m/s~ |
o A fa 2 5 2 Water
(73.9 kN/m~ )(0.0150m") 30 ke/s
=—0.908 kKN

' 1kN

_ [+0.4905 KN = 0.753 kN
| 1000 kg-m/s~ )

Fo = pmV, sin@+W =1.03(30 kg/s)(1251n45° m/s)

Fp=yFA +F2 =4(=0908)” +(0.753)> =118 kN. 6 =tan’ ?’C = tan"
Rx
Discussion Note that the magnitude of the anchoring force is 71.78 kN, and its line of action

makes —39.7° from +x direction. Negative value for F, indicates the assumed direction is
wrong.
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EXAMPLE 6-25
Repeat Prob. 6—-25 for the case of u 110°.

Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible,
and irrotational (so that the Bernoulli equation is applicable). 2 The weight of the
elbow and the water in it is considered. 3 The water is discharged to the
atmosphere, and thus the gage pressure at the outlet is zero. 4 The momentum-
flux correction factor for each inlet and outlet is given to be 5 = 1.03.

Properties We take the density of water to be 7000 kg/m3.

Analysis The weight of the elbow and the water in it is

W =mg = (50kg)(9.81 m/s> ) =490.5 N =0.4905 kKN

We take the elbow as the control volume, and designate the entrance by 1 and
the outlet by 2. We also designate the horizontal coordinate by x (with the
direction of flow as being the positive direction) and the vertical coordinate by z.
The continuity equation for this one-inlet one-outlet steady flow system is m, = m,
=m = 30 kg/s. Noting that m = pAV, the inlet and outlet velocities of water are

mo 30 kg/s
eks (1000 kg/m)(0.0150 m”)
mo 30 kg/s

pd, (1000 ke/m3)(0.0025m?)

V= =2.0nvs

=12 m/s

I’rz =
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Taking the center of the inlet cross section as the reference level (z, = 0) and

noting that P, = P_,., the Bernoulli equation for a streamline going through the
center of the reducing elbow is expressed as

B W B (¥~ ‘
bl g =g b <y B—By=pp *—1+:3—:1‘—> p

. 7] 7] g, == 7]
pe 2g peg 2g \ 2g - \ 2g ]

1=
]
=)
4]
03
I
1]
-2

, [ (12 m/s)? — (2 m/s)?
O, A gage = (1000 kg_.-'m';j{_‘lSl111-"5")1 Cmie :11 -
dae | 2(9.81m/s™)

1 kN \ ,
I | = 73.9 kN/m? = 73.9 kPa
|

+0.4 ‘ 3
| 1000 kg - m/s~ |

The momentum equation for steady one-dimensional flow is

D F = Yout ﬁmﬁ = ﬂrh?. We let the x- and y- components of the anchoring
force of the elbow be Fg, and Fx,, and assume them to be in the positive
directions. We also use gage pressures to avoid dealing with the atmospheric
pressure which acts on all surfaces. Then the momentum equations along the x
and z axes become

Fp.+ P, 4, = pmV,cos@—pgmV, and Fn —W = pgmV,smné

1.gage”

Solving for Fg, and Fg,, and substituting the given values,
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Fp. = Bin(V, cos6—V,)—P, . A

1. gage="1

. . { 1kN
=1.03(30 kg/s)[(12cos110°-2) m/s] -
1000 kg -m/s”

‘— (73.9kN/m~)(0.0150m”) =—1.297 kN

AN 1404905 KN = 0.8389 kN

Fup = pmV,sin8+W =1.03(30kg/s)(125m110° m/s)

1000 kg - m/s”

oo ||I, g, 7
Fg =+/Fge +Fg =4/(-1.297)% +0.8389> =1.54 kN

and Fo 0.8389
O=tan T —2 g T — — = 32.9°

T

R'I - !

Water
30 kg/s

Discussion Note that the magnitude of the anchoring force is 1.54 kN, and its line
of action makes —32.9° from +x direction. Negative value for F5, indicates
assumed direction is wrong, and should be reversed.
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EXAMPLE 6-26
Water accelerated by a nozzle to 15 m/s strikes the vertical back surface of a cart
moving horizontally at a constant velocity of 5 m/s in the flow direction. The mass
flow rate of water is 25 kg/s. After the strike, the water stream splatters off in all
directions in the plane of the back surface. (a) Determine the force that needs to
be applied on the brakes of the cart to prevent it from accelerating. (b) If this force
were used to generate power instead of wasting it on the brakes, determine the

maximum amount of power that can be generated.
Answers: (a) 250 N, (b) 1.25 kW

Assumptions 1 The flow is steady and incompressible. i
2 The water splatters off the sides of the plate in all —

directions in the plane of the back surface. 3 The water ~Water jet

jet is exposed to the atmosphere, and thus the pressure
of the water jet and the splattered water is the atmospheric pressure which is
disregarded since it acts on all surfaces. 4 Fiction during motion is negligible. 5
There is no acceleration of the cart. 7 The motions of the water jet and the cart
are horizontal. 6 Jet flow is nearly uniform and thus the effect of the momentum-
flux correction factor is negligible, B = 1.

Analysis We take the cart as the control volume, and the direction of flow as the
positive direction of x axis. The relative velocity between the cart and the jet is

LA
}
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V, =V —Veyy =15-10=10m/s 5 m/s
| .
Therefore, we can assume the cart to be stationary 15 m/s
and the jet to move with a velocity of 10 m/s. The ~ > \
momentum equation for steady one-dimensional —_— Waterjet N
: L o Fa
flow in the x (flow) direction reduces in this case to I . . ) R

Z F = z,ﬁml’ Z gV — Fp =—mV, — F,_, =V,

out

We note that the brake force acts in the opposite direction to flow, and we should not forget
the negative sign for forces and velocities in the negative x-direction. Substituting the given
values,
IN |
Fipage =—MV, =—(25kg/s)(+10 m/ :,J —— |=—250N

| 1kg-m/s~ )
The negative sign indicates that the braking force acts in the opposite direction to motion, as
expected. Noting that work is force times distance and the distance traveled by the cart per
unit time is the cart velocity, the power wasted by the brakes is

1 kW

o 250 N)(5 mv/s)| |=1.25 kW
ke cae = (250 N)(5 10/s) e

Discussion Note that the power wasted is equivalent to the maximum power that can be
generated as the cart velocity is maintained constant.
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EXAMPLE 6-27
Reconsider Prob. 6-27. If the mass of the cart is 300 kg and the brakes fail,

determine the acceleration of the cart when the water first strikes it. Assume the
mass of water that wets the back surface is negligible.

Analysis The braking force was determined in previous problem to be 250 N.
When the brakes fail, this force will propel the cart forward, and the accelerating
will be

F 250N (1lkg-m/s®

o = | - 0.833 m/s?
m 300kgl 1IN |

cart

Discussion This is the acceleration at the moment the brakes fail. The
acceleration will decrease as the relative velocity between the water jet and the
cart (and thus the force) decreases.

5 nvs

15 mvs
> \ 300 k
~ {| 300ke Fpy
Waterjet
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EXAMPLE 6-28
A horizontal 5-cm-diameter water jet with a velocity of 18 m/s impinges normally
upon a vertical plate of mass 1000 kg. The plate is held in a nearly frictionless
track and is initially stationary. When the jet strikes the plate, the plate begins to
move in the direction of the jet. The water always splatters in the plane of the
retreating plate. Determine (a) the acceleration of the plate when the jet first
strikes it (time = 0), (b) the time it will take for the plate to reach a velocity of 9
m/s, and (c) the plate velocity 20 s after the jet first strikes the plate. Assume the
velocity of the jet relative to the plate remains constant.

Assumptions 1 The flow is steady and incompressible. 2 The water always splatters in the
plane of the retreating plate. 3 The water jet is exposed to the atmosphere, and thus the
pressure of the water jet and the splattered water is the atmospheric pressure which is
disregarded since it acts on all surfaces. 4 The tract is nearly frictionless, and thus fiction
during motion is negligible. 5 The motions of the water jet and the cart are horizontal. 6 The
velocity of the jet relative to the plate remains constant, V, = V,,, = V. 7 Jet flow is nearly
uniform and thus the effect of the momentum-flux correction factor is negligible, 8 = 1.
Properties We take the density of water to be 7000 kg/m?.

Analysis (a) We take the vertical plate on the frictionless track as the control volume, and
the direction of flow as the positive direction of x axis. The mass flow rate of water in the jet

IS

it = pVA = (1000 kg/m” )(18 m/s)[7(0.05 m)* /4] = 35.34 ke/s
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The momentum equation for steady one-dimensional flow in the x (flow) direction
reduces in this case to

F = ﬁ‘mf’— ,575;1; — Fp.=—m;V, — Fp. =—mV
Z Rx Ei Rx

out in

where F, is the reaction force required to hold the plate in place. When the plate

is released, an equal and opposite impulse force acts on the plate, which is
determined to

Fplm =—Fp. =mV =(3534kg/s)(18 mv/s) LS — ‘:636 N
| 1kg-m/s”™ |
Then the initial acceleration of the plate becomes
i Fpl:{te _ 636N (1 l{g-m-"'sj 1'

= . —0.636 m/s?
My 1000kg| 1IN |

This acceleration will remain constant during motion since the force acting on the
plate remains constant.
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~_—= N| 1000kg e’

Waterjet

l

wll ¥ L

Frictionless track

(b) Noting that a = dV/dt = AV/At since the acceleration a is constant, the time it
takes for the plate to reach a velocity of 9 m/s is

AV 0 —0)m/s
e phte: ( }IIL‘: _ 449 s

o 0.636 m/s>

(c) Noting that a = dV/dt and thus dV = adt and that the acceleration a is constant,
the plate velocity in 20 s becomes

Ve = Vo_plate + AT =0+(0.636 m/s*)(20s) =12.7 m/s
Discussion The assumption that the relative velocity between the water jet and
the plate remains constant is valid only for the initial moments of motion when the
plate velocity is low unless the water jet is moving with the plate at the same
velocity as the plate.
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EXAMPLE 6-29
Water flowing in a horizontal 30-cm-diameter pipe at 5 m/s and 300 kPa gage
enters a 90° bend reducing section, which connects to a 15-cm-diameter vertical
pipe. The inlet of the bend is 50 cm above the exit. Neglecting any frictional and
gravitational effects, determine the net resultant force exerted on the reducer by
the water. Take the momentum-flux correction factor to be 1.04.

Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible,
and irrotational (so that the Bernoulli equation is applicable). 2 The weight of the
elbow and the water in it is disregarded since the gravitational effects are
negligible. 3 The momentum-flux correction factor for each inlet and outlet is given
to be B = 1.04.

Properties We take the density of water to be 7000 kg/m3.

Analysis We take the elbow as the control volume, and designate the entrance
by 1 and the outlet by 2. We also designate the horizontal coordinate by x (with
the direction of flow as being the positive direction) and the vertical coordinate by
z. The continuity equation for this one-inlet one-outlet steady flow system is m, =
m, = m = 353.4 kg/s. Noting that m = pAV, the mass flow rate of water and its

outlet velocity are ., _ ;» 4 _ (D2 /4) = (1000 keg/m> )(5 m/s)[7(0.3 m)? / 4] = 353.4 ke/s

7 1 353.4kg/s

- T — ——=20m/s
pdy  paDs /4 (1000 kg/m”)[7(0.15m)" / 4]

I’r': ==
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The Bernoulli equation for a streamline going through the center of the reducing
elbow is expressed as

) i y
PV P Vs - '
foai! £ 'i——l'l‘ 1: j‘i‘ 2 + 24 — Pj:ﬁ_l'f-:"g‘ 1 = +:1___2!

=
re  2g reg 2g

Substituting, the gage pressure at the outlet becomes

» [ (5mr/s)? — (20 m/s)?

P, = (300 kPa) + (1000 kg/m’)(9.81 m/s”) — : =117.4kPa
: 2(9.81m/s")

]

TO{‘ 1kN “ 1 kPa

1000kg - m/ 52 | 1 kN/m

The momentum equation for steady one-dimensional flow is

YF = Zoutﬁrh? — Diin ,8rhl7. We let the x- and z- components of the anchoring
force of the elbow be Fg, and F5,, and assume them to be in the positive
directions. Then the momentum equations along the x and z axes become

Fpe + Py gage 4y =0— AtV

Fre =P gagedy = 6(—V,) -0

Note that we should not forget the negative sign for forces and velocities in the
negative x or z direction. Solving for FRx and FRz, and substituting the given
values,
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([ 1kN ) 5. 7(0.3m)°
|- Gooknm?) PO _ o3 0kN
L1000 kg-m/s~ | 4

Fgy =—06mV) — Py g5 4; =—1.04(353.4 kg/s)(5 m/s)

5. m(0.15m)"
+(117.4 kN/m~) ( m)

Fp. =—fiV, +P ——5.28kN

2, gage 4

1kN ‘

; =—1.04(353.4 kg/s)(20 111-"5']" ~
L1000 kg-m/s™ |

and
Ir 7 . i ) g FR—_
Fp = Fge +Fp. =4/(=23.0)" +(-5.28)" = 23.6 kN
. Fay
e —5.28
6=tan? —& —tan’? =12.9° e
Ty, _930 30 Water]

5 nrs+—>

—
15cm B

Discussion The magnitude of the anchoring force is 23.6 kN, and its line of action
makes 12.9° from +x direction. Negative values for Fg, and Fg, indicate that the
assumed directions are wrong, and should be reversed.
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EXAMPLE 6-30
Commercially available large wind turbines have blade span diameters as large
as 100 m and generate over 3 MW of electric power at peak design conditions.
Consider a wind turbine with a 90-m blade span subjected to 25-km/h steady
winds. If the combined turbine— generator efficiency of the wind turbine is 32
percent, determine (a) the power generated by the turbine and (b) the horizontal
force exerted by the wind on the supporting mast of the turbine. Take the density
of air to be 1.25 kg/m?3, and disregard frictional effects.
The efficiency of the turbine-generator is independent of wind
speed. 3 The frictional effects are negligible, and thus none of the 0m
flow is uniform and thus the momentum-flux correction factor is
nearly unity, 8 = 1. || |
Analysis (a) The power potential of the wind is its kinetic energy, |
which is mV2/2 per unit mass, and for a given mass flow rate: |

ERRRR

Assumptions 1 The wind flow is steady and incompressible. 2~ 2kwh
incoming kinetic energy is converted to thermal energy. 4 Wind
Properties The density of air is given to be 1.25 kg/m3. |

V=25 klll-"'h)‘ ik ‘ =6.94m/s
L 3.6 kmv/h |
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D  7(90m)*
m= p4 = ol =(1.25 kgx"lna){ﬁ.Qil m/'s) Q =55.200 kg/s
' - e (694m/s)(  1kN KW
Woie: = 'F”"E‘rel =1 — = (55.200 kg/s) { we) | 3 - — | =1330 kW
: 2 1000 kg-m/s® N\ 1KN-my/s )

Then the actual power produced becomes

Erﬂct = Twind turbine H'rmax =(0.32)(1330 ].&W'r‘-r} =426 kW

(b) The frictional effects are assumed to be negligible, and thus the portion of

incoming kinetic energy not converted to electric power leaves the wind turbine as
outgoing kinetic energy. Therefore,
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. . . ¢ .
mke, = mke;(1— Nyind trbine ) — M =M

i —

A — T inaniting)

or

Vy =V} A1~ Nind turbine = (6.94m/s)4/1-0.32 =5.72 m/s

We choose the control volume around the wind turbine such that the wind is
normal to the control surface at the inlet and the outlet, and the entire control
surface is at the atmospheric pressure. The momentum equation for steady one-
dimensional flowis Y F = Zoutﬁrhl_/) — B ﬁml_/). Writing it along the x-direction
(without forgetting the negative sign for forces and velocities in the negative x-
direction) and assuming the flow velocity through the turbine to be equal to the
wind velocity give

1kN

Fep=mVy—mV;=m(V, —V;)=(55.200kg/s)(5.72-6.94 n/s) — |=—67.3 kN
L1000 kg -m/s™ |

The negative sign indicates that the reaction force acts in the negative x direction,
as expected.

Discussion This force acts on top of the tower where the wind turbine is installed,
and the bending moment it generates at the bottom of the tower is obtained by
multiplying this force by the tower height.
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EXAMPLE 6-31
Firefighters are holding a nozzle at the end of a hose while trying to extinguish a
fire. If the nozzle exit diameter is 6 cm and the water flow rate is 5 m3/min,
determine (a) the average water exit velocity and (b) the horizontal resistance

force required of the firefighters to hold the nozzle.
Answers: (a) 29.5 m/s, (b) 2457 N

Assumptions 1 The flow is steady and incompressible. 2
The water jet is exposed to the atmosphere, and thus the
pressure of the water jet is the atmospheric pressure,
which is disregarded since it acts on all surfaces. 3
Gravitational effects and vertical forces are disregarded
since the horizontal resistance force is to be determined.

5 Jet flow is nearly uniform and thus the momentum-flux
correction factor can be taken to be unity, 8 = 1.
Properties We take the density of water to be 7000 kg/m?3.
Analysis (a) We take the nozzle and the horizontal portion of the hose as the system such
that water enters the control volume vertically and outlets horizontally (this way the pressure
force and the momentum flux at the inlet are in the vertical direction, with no contribution to
the force balance in the horizontal direction), and designate the entrance by 1 and the outlet
by 2. We also designate the horizontal coordinate by x (with the direction of flow as being
the positive direction). The average outlet velocity and the mass flow rate of water are
determined from

g
5 m*/min
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u _
0 a 3 II 2
/ s 5m™ /min

V=—

== —— =1768 m/min =29.5 m/s
A aD*/4 #(0.06m)" /4

T = pb" = (1000 };g_.-"m3 )(5m’ /min) = 5000 kg/min = 83.3 kg/s

(b) The momentum equation for steady one-dimensional flow is

) F= pR— Brr‘sz = D ﬁrr‘zl_/). We let horizontal force applied by the firemen to the
nozzle to hold it be Fg,, and assume it to be in the positive x direction. Then the

momentum equation along the x direction gives
_ Fo
= 2457 N
lkg-m/s~ | Fpy

/_ 5 m°/min

Therefore, the firemen must be able to resist a force of 2457 N to hold the nozzle
in place.

: : | 1IN
Frp. =mV,—0=mV =(83.3kg/s)(29.5 m/s)

Discussion The force of 2457 N is equivalent to the weight of about 250 kg. That
is, holding the nozzle requires the strength of holding a weight of 250 kg, which
cannot be done by a single person. This demonstrates why several firemen are
used to hold a hose with a high flow rate.
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EXAMPLE 6-32
A 5-cm-diameter horizontal jet of water with a velocity of 30 m/s strikes a flat plate
that is moving in the same direction as the jet at a velocity of 10 m/s. The water
splatters in all directions in the plane of the plate. How much force does the water
stream exert on the plate?

Assumptions 1 The flow is steady and incompressible. 2 The water splatters in
all directions in the plane of the plate. 3 The water jet is exposed to the
atmosphere, and thus the pressure of the water jet and the splattered water is the
atmospheric pressure, which is disregarded since it acts on all surfaces. 4 The
vertical forces and momentum fluxes are not considered since they have no effect
on the horizontal force exerted on the plate. 5 The velocity of the plate, and the
velocity of the water jet relative to the plate, are constant. 6 Jet flow is nearly
uniform and thus the momentum-flux correction factor can be taken to be unity, 8
=1.

Properties We take the density of water to be 7000 kg/m3.

Analysis We take the plate as the control volume, and the flow direction as the
positive direction of x axis. The mass flow rate of water in the jet is 6-20

.-TDJ 7(0.05 )
i= gl TR (1000 kg/m”)(30 m/s) d y m)” _sg0 ke/s

Jet

0= PV,
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The relative velocity between the plate and the jet is

V, =Viet —Vore =30—10=20m/s . _”’ “’*"""_)
Therefore, we can assume the plate to be | — Fre
stationary and the jet to move with a velocity :: et
of 20 m/s. The momentum equation for sem | Waterjer
steady one-dimensional flow is o))

YF = Yout ,87?17 — Yin ,87?117. We let the horizontal reaction force applied to the
plate in the negative x direction to counteract the impulse of the water jet be Fg,.
Then the momentum equation along the x direction gives

—Fp. =0—-mV, — Fp =mV, =(58.9kg/s)(20 111-"'5}: LN :

| 1kg-m/s” |

1178 N

Therefore, the water jet applies a force of 1178 N on the plate in the direction of
motion, and an equal and opposite force must be applied on the plate if its velocity
is to remain constant.

Discussion Note that we used the relative velocity in the determination of the
mass flow rate of water in the momentum analysis since water will enter the
control volume at this rate. (In the limiting case of the plate and the water jet
moving at the same velocity, the mass flow rate of water relative to the plate will
be zero since no water will be able to strike the plate).
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EXAMPLE 6-33
An unloaded helicopter of mass 710,000 kg hovers at sea level while it is being
loaded. In the unloaded hover mode, the blades rotate at 400 rom. The horizontal
blades above the helicopter cause a 15-m-diameter air mass to move downward
at an average velocity proportional to the overhead blade rotational velocity (rpm).
A load of 15,000 kg is loaded onto the helicopter, and the helicopter slowly rises.
Determine (a) the volumetric airflow rate downdraft that the helicopter generates
during unloaded hover and the required power input and (b) the rpm of the
helicopter blades to hover with the 75,000-kg load and the required power input.
Take the density of atmospheric air to be 71.718 kg/m3. Assume air approaches the
blades from the top through a large area with negligible velocity and air is forced
by the blades to move down with a uniform velocity through an imaginary cylinder
whose base is the blade span area. — L
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Properties The density of air is given to be 1.18 kg/m?.
Analysis (a) We take the control volume to be a vertical hyperbolic cylinder
bounded by streamlines on the sides with air entering through the large cross-
section (section 1) at the top and the fan located at the narrow cross-section at
the bottom (section 2), and let its centerline be the z axis with upwards being the
positive direction.

The momentum equation for steady one-dimensional flow is

YF = i ﬁml_f — e 5m17. Noting that the only force acting on the control
volume is the total weight W and it acts in the negative z direction, the momentum
equation along the z axis gives

7 II W
—W=m(-Vy,)-0 — W=mV,=(pdVL,)WV,=p4V; — V,=_|— @

where A is the blade span area,

A=zD*/4=7(15m)* /4=176.7m?’ @

Then the discharge velocity, volume flow rate,
and the mass flow rate of air in the unloaded
mode become

Sea level

Load
15,000 kg
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2.unloade ‘\" ,(1‘1 'V (1.181{g-"1113 ){176.?1112}

—21.7m/fs

Votonded = AV watonded = (176.7m?)(21.7 m/s) = 3834 m?/s

M ytonded = PVntondeq = (1.18 ke/m?)(3834 m’/s) = 4524 kg/s

Noting that P, = P, = P_,.., V, =0, the elevation effects are negligible, and the
frictional effects are disregarded, the energy equation for the selected control
volume reduces to

(B w ) |8 ¥ o ' Yy
L S + 821 |+ W pump.u m 2z 85 |t H'mrbiue + Emech.l-:-ss == " fanu — M
l_ 2 2 J 1\ e, 2 : ,
Substituting,
. e @l7wm/s)?(  1KN ) 1kW )
'runlﬂadedfm u = | M = (4524 l\gi") { ) 1 } '. = 1065 kW
1‘ - Snnloaded 2 { 1000 kg /S " Jh' 1 kN VS

(b) We now repeat the calculations for the loaded helicopter, whose mass is
10,000+15,000 = 25,000 kg:
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e ———— | =
m g | (25.000kg)(9.81m/s~
V3 1oaded = 'I% = .( ; 93}[ — ;.) = 34.3m/s
' | ! M[l.lSkgs‘m )(176.7m")

’I’i‘}loaded =p v.ioaded = ,.tl—'i VZ. loaded — (l 18 kgﬁllﬁ ](1 76.7 1111 )(34.3 111-"'5) =152 kgs
: o ;  (34.3m/s)? N
H?ioaded fanu = ‘ mn I/_‘ ‘ — ( 7152 kgS) { 4.31m/s) 1k

loaded

W 4207kw
2 L1000 kg -m/s= | 1kN-m/s )

Noting that the average flow velocity is proportional to the overhead blade
rotational velocity, the rpm of the loaded helicopter blades becomes

V3 1oaded ] V5 10aded 34.3
Vo=kn — — ... S Moaded = ———— Nyeioaded = —— (400 tpm) = 632 rpm

;' - j i
J 2 unloaded ”m:lc:aded Vlmﬂoad&d 21.7

Discussion The actual power input to the helicopter blades will be considerably
larger than the calculated power input because of the fan inefficiency in converting
mechanical power to kinetic energy.
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EXAMPLE 6-34
Reconsider the helicopter in Prob. 6—40, except that it is hovering on top of a
3000-m-high mountain where the air density is 0.79 kg/m?3. Noting that the
unloaded helicopter blades must rotate at 400 rpm to hover at sea level,
determine the blade rotational velocity to hover at the higher altitude. Also
determine the percent increase in the required power input to hover at 3000-m
altitude relative to that at sea level.
Answers: 489 rpm, 22 percent

Assumptions 1 The flow of air is steady and incompressible. 2 The air leaves the
blades at a uniform velocity at atmospheric pressure. 3 Air approaches the blades
from the top through a large area at atmospheric pressure with negligible velocity.
4 The frictional effects are negligible, and thus the entire mechanical power input
is converted to kinetic energy of air. 5 The change in air pressure with elevation
while hovering at a given location is negligible because of the low density of air. 6
There is no acceleration of the helicopter, and thus the lift generated is equal to
the total weight. 7 Air flow is nearly uniform and thus the momentum-flux
correction factor can be taken to be unity, 8 = 1.

Properties The density of air is given to be 1.718 kg/m? at sea level, and 0.79
kg/m?3 on top of the mountain.
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Analysis (a) We take the control volume to be a vertical hyperbolic cylinder bounded by
streamlines on the sides with air entering through the large cross-section (section 1) at the
top and the fan located at the narrow cross-section at the bottom (section 2), and let its

centerline be the z axis with upwards being the positive direction.
The momentum equation for steady one-dimensional flow is

YF=Y,,BmV -3, BmV.Noting that the only force acting on the control volume is the
total weight W and it acts in the negative z direction, the momentum equation along the z

axis gives

S5 et . : W

—W =m(-V,)—0 — W=mV, =(pAV, W, = pAV; — P = \II_

& L o = e Y |
pA
where A is the blade span area. Then for a given weight W, the ratio of discharge velocities
becomes
V_'-'_mountam _ vV W P mountain 4 _ |II Psea i || 1.18 kg.-"lllj —1.9992
II - II. 4 - - I.. 3 v —
If’j SE4 "b.‘" H / JL)'EEH “:I \I pmc:unt:{i.u V 0 g lﬁ.g 1m

Noting that the average flow velocity is proportional to the overhead blade rotational velocity,
the rpm of the helicopter blades on top of the mountain becomes
. 7

N o ontita 2 mountain ; ‘Vz.mcmma n .

n=kv, — ; = = Npountain = ——— Neeg = 1.222(400 rpm) = 489 rpm

3
n 4 2.sea

sed Pﬂ.sea

Noting that P, = P, = P,,,, V; = 0, the elevation effect are negligible, and the frictional
effects are disregarded, the energy equation for the selected control volume reduces to
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; i" jl:)l I/"lz -I ',, ; Il'l Pz Ifzz | . ; . . Ifzz
m{?"" 5 + 85 ;"'Wpump.u :”'I:.. 0 + 5 +825 ;+H}mrbine +‘Emf_~ch_1crss =<4 H'fan.u =m 5
PR pememsrasts , 15 5
- Vs Vy Vs ( [w) (W Wt
or Wp  =tit-2=pdV, 2 =pd-2=1p4 |— | =1 p4 ‘ =
' 2 - 2 2 = Ypd) = \pd) 24 oA
Then the ratio of the required power input on
top of the mountain to that at sea level @
becomes .y N
rr _,rl___ | | . | ¥
I’I“j:ncﬂ.].1.'L'r:4.i.=1:1 fanu 0.5# t ’\-‘I fﬂm|c:1J.n|1;a1'n.“:t - II! Psea = ||I'18kg"lnl_qj =/ 939
Wt Banii 0.5w3/ \."I R \l Pmountain \'I 0.79 kg-’:llﬁ @
Therefore, the required power input will k |
increase by 22.2% on top of the mountain i i

relative to the sea level.

Load
15.000 kg
Discussion Note that both the rom and the required power input to the helicopter
are inversely proportional to the square root of air density. Therefore, more power
is required at higher elevations for the helicopter to operate because air is less
dense, and more air must be forced by the blades into the downdraft.
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EXAMPLE 6-35
A sluice gate, which controls flow rate in a channel by simply raising or lowering a
vertical plate, is commonly used in irrigation systems. A force is exerted on the
gate due to the difference between the water heights y, and y, and the flow
velocities V; and V, upstream and downstream from the gate, respectively.
Disregarding the wall shear forces at the channel surfaces, develop relations for

V,, V,, and the force acting on a sluice gate of width w during steady and uniform
flow.

. w
Answer: Fp =m(V; = V,) + ;PQ(J’% - y3)

Assumptions 1 The flow is steady, _-Sluice
incompressible, frictionless, and uniform (and .
thus the Bernoulli equation is applicable.) 2 i
Wall shear forces at surfaces are negligible. 3 " V,
The channel is exposed to the atmosphere,
and thus the pressure at free surfaces is the
atmospheric pressure. 4 The flow is horizontal.
5 Water flow is nearly uniform and thus the
momentum-flux correction factor can be taken

to be unity, 8 = 1.
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Analysis We take point 1 at the free surface of the upstream flow before the gate
and point 2 at the free surface of the downstream flow after the gate. We also take
the bottom surface of the channel as the reference level so that the elevations of
points 1 and 2 are y, and y,, respectively. The application of the Bernoulli
equation between points 1 and 2 gives

B ¥ 2. ¥

g £ PE =5

The flow is assumed to be incompressible and thus the density is constant. Then
the conservation of mass relation for this single stream steady flow device can be
expressed as

v v %

{)1 — {/I“.' = {/I —* _:‘fllp'l :‘/ijV'r = {/ —> Pr-l == ﬂlld V’] S T e {2}
2 ety 41 Wy = 4__ Wy,
Substituting into Eq. (1),
j w wl or e a0l . i T " . [ = oyl
. | || =220y -3,) > V=w [ ZBNTI) L, g, (PEUITT) g
Lwy, | Ly ) - 1/ v -1/ N 1—y5 /¥y

Substituting Eq. (3) into Eqs. (2) gives the following relations for velocities,

Yoy, — )
} and V,= [—= (0 L ] : )
- ‘.! = 15 i .ll—

(4)
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We choose the control volume as the water body surrounded by the vertical cross-sections

of the upstream and downstream flows, free surfaces of water, the inner surface of the
sluice gate, and the bottom surface of the channel. The momentum equation for steady one-

dimensional flow is Y F = Y, BV — ¥, fmV. The force acting on the sluice gate Fg, is
horizontal since the wall shear at the surfaces is negligible, and it is equal and opposite to
the force applied on water by the sluice gate. Noting that the pressure force acting on a
vertical surface is equal to the product of the pressure at the centroid of the surface and the
surface area, the momentum equation along the x direction gives

) ' Vo | ;
evy) —| o =2 |(wvy) =iV, — 1)

A A L oF

_Fm-+P14{1 _Pj.*ij :,F,i‘,ip'.: _”.fprl —» _Fm +‘ J,Dg

|
I'-\.

Rearranging, the force acting on the sluice gate is @ ]
determined to be :-:-:%{-:- 7
I o i Lt E Bx
: w 2 2 Vi _:':' _':':
Fpe = (V1 =Vy)+—0g(¥1 —¥2) (5) > -0 T Sluice gate
ZElG
where V,and V, are given in Eq. (4). N

Discussion Note that for y, >> y,, Eq. (3) simplifies to V = y,w,/2gy; or V, = /2gy, which
is the Toricelli equation for frictionless flow from a tank through a hole a distance y, below
the free surface,
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EXAMPLE 6-36
Water enters a centrifugal pump axially at atmospheric pressure at a rate of 0.72
m?3/s and at a velocity of 7 m/s, and leaves in the normal direction along the pump

casing, as shown in Fig. P6—43. Determine the force acting on the shaft (which is
also the force acting on the bearing of the shaft) in the axial direction.

Properties We take the density of water to be 71000 kg/m?3.

Assumptions 1 The flow is steady and incompressible. 2 The forces acting on the piping
system in the horizontal direction are negligible. 3 The atmospheric pressure is disregarded
since it acts on all surfaces.

Analysis We take the pump as the control volume, and the inlet direction of flow as the
positive direction of x axis. The momentum equation for steady one-dimensional flow in the x
(flow) direction reduces in this case to

out i
Note that the reaction force acts in the opposite direction to flow, and we should not forget
the negative sign for forces and velocities in the negative x-direction. Substituting the given
values,
.3 SOOI R )
Fbmke = (1000 kg-"'“l N0.12m™/s)(7 m/s) - ‘ —840 N
| 1kg-m/s~ |

Discussion To find the total force acting on the shaft, we also need to do a force balance for
the vertical direction, and find the vertical component of the reaction force.
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0.12 m’/s
7 m/s

i
i
y
I
X [
l
0
i
0
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Angular Momentum Equation
Sample Questions and Answers
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EXAMPLE 6-37
How is the angular momentum equation obtained from Reynolds transport
equations?
The angular momentum equation is obtained by replacing B in the Reynolds transport

theorem by the total angular momentum ﬁsys, and b by the angular momentum per unit
mass 7 X V.

EXAMPLE 6-38

Express the unsteady angular momentum equation in vector form for a control
volume that has a constant moment of inertia /, no external moments applied, one

outgoing uniform flow stream of velocity V, and mass flow rate m.

The angular momentum equation in this case is expressed as Ia = —7 x mV where d is the
angular acceleration of the control volume, and 7 is the position vector from the axis of

rotation to any point on the line of action of F.

EXAMPLE 6-39
Express the angular momentum equation in scalar form about a specified axis of
rotation for a fixed control volume for steady and uniform flow.

The angular momentum equation in this case is expressed as Ia = —r X mV where a is the
angular acceleration of the control volume, and 7 is the position vector from the axis of

rotation to any point on the line of action of F.

58 Prof. Dr. Ali Pinarbasi Chapter 6: MOMENT ANALYSIS OF FLOW SYSTEMS




EXAMPLE 6-40

Water is flowing through a 12-cm-diameter pipe that consists of a 3-m-long
vertical and 2-m-long horizontal section with a 90° elbow at the exit to force the
water to be discharged downward, as shown in Fig. P6—47, in the vertical
direction. Water discharges to atmospheric air at a velocity of 4 m/s, and the mass
of the pipe section when filled with water is 15 kg per meter length. Determine the
moment acting at the intersection of the vertical and horizontal sections of the
pipe (point A). What would your answer be if the flow were discharged upward
instead of downward?

Assumptions 1 The flow is steady and incompressible. 2 _‘_Aﬁ ___________ g
The water is discharged to the atmosphere, and thus the |

gage pressure at the outlet is zero. 3 Effects of water I
falling down during upward discharge is disregarded. 4 } \J
Pipe outlet diameter is small compared to the moment |

4 m/s

| 112 cm

arm, and thus we use average values of radius and i
velocity at the outlet. :
Properties We take the density of water to be 7000 :
kg/m3. vl
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Analysis We take the entire pipe as the control volume, and designate the inlet
by 1 and the outlet by 2. We also take the x and y coordinates as shown. The
control volume and the reference frame are fixed.
The conservation of mass equation for this one-inlet one-outlet steady
flow system is m, =m, =m , and V, =V, = V since A, = constant. The mass flow

rate and the weight of the horizontal section of the pipe are
m=1m

it = pA_V = (1000 kg/m*)[7(0.12m)" / 4](4 m/s) = 45.24 kg/s
W =mg=(15 kg/m)(2 111}(9.8“11"'313" — 2 ‘:294.3 N/m
L 1kg -m/s” )

My~

T— w mv,

vy

(a) Downward discharge: To determine the moment acting on the pipe at point A,
we need to take the moment of all forces and momentum flows about that point.
This is a steady and uniform flow problem, and all forces and momentum flows
are in the same plane. Therefore, the angular momentum equation in this case
can be expressed as Y M = ), rmV — };,, rmV where r is the moment arm, all
moments in the counterclockwise direction are positive, and all in the clockwise
direction are negative.
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The free body diagram of the pipe section is given in the figure. Noting that the moments of
all forces and momentum flows passing through point A are zero, the only force that will
yield a moment about point A is the weight W of the horizontal pipe section, and the only
momentum flow that will yield a moment is the outlet stream (both are negative since both
moments are in the clockwise direction). Then the angular momentum equation about point
A becomes

"'IL{A S 5'1 FF = _.;'”__'r”-F Vz

Solving for M, and substituting,

L 1N | 0N
L 1kg-m/s” |
The negative sign indicates that the assumed direction for M, is wrong, and should be
reversed. Therefore, a moment of 70 N-m acts at the stem of the pipe in the clockwise
direction.

M, =nW-rmV, =(1m)(294.3 N)-(2 m)(45.54 kg/s)(4 m/s)

(b) Upward discharge: The moment due to discharge stream is positive in this case, and
the moment acting on the pipe at point A is

M, =nW+rmV, =(1m)(294.3N)+(2m)(45.54kg/s)(4 m/s) L :
1

—~|=639N-m
L 1kg-m/s™ )

Discussion Note direction of discharge can make a big difference in the moments applied
on a piping system. This problem also shows the importance of accounting for the moments
of momentums of flow streams when performing evaluating the stresses in pipe materials at
critical cross-sections.
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EXAMPLE 6-41
A lawn sprinkler with three identical arms is used to water a garden by rotating in
a horizontal plane by the impulse caused by water flow. Water enters the sprinkler
along the axis of rotation at a rate of 40 L/s and leaves the 1.2-cm-diameter
nozzles in the tangential direction. The bearing applies a retarding torque of T, =
50 N - m due to friction at the anticipated operating speeds. For a normal distance

of 40 cm between the axis of rotation and the center of the nozzles, determine the
angular velocity of the sprinkler shaft.

_———

Electric _ T .
generator i

r

M pozzle ¥ 7

o ”~
nozzle’, 7
o,

—

. | a . r
mel =40 LST » M yozzle 5
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Assumptions 1 The flow is uniform and cyclically steady (i.e., steady from a
frame of reference rotating with the sprinkler head). 2 The water is discharged to
the atmosphere, and thus the gage pressure at the nozzle outlet is zero. 3 Air
drag of rotating components are neglected. 4 The nozzle diameter is small
compared to the moment arm, and thus we use average values of radius and
velocity at the outlet.
Properties We take the density of water to be 7000 kg/m3= 1 kg/L.
Analysis We take the disk that encloses the sprinkler arms as the control volume,
which is a stationary control volume. The conservation of mass equation for this
steady flow system is m, = m, = m. Noting that the three nozzles are identical, we
have M, .. = M3 or V... = Viein / 3 Since the density of water is constant. The
average jet outlet velocity relative to the nozzle and the mass flow rate are

Ve ~ 40L/s ((1m®

. —| =117.9m/s
Ay 3[x(0.012m)~ /4]| 1000L

jet

g = PV = (1 ke/L)(40L/s) = 40 kg/s

The angular momentum equation can be expressed as

YM=Y,,rmV—Y. rmV where all moments in the counterclockwise direction
are positive, and all in the clockwise direction are negative. Then the angular
momentum equation about the axis of rotation becomes
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_ e F " — a7y 7
—Ty =31 o0V 01 Ty =1rmaqV.

Solving for the relative velocity V, and substituting,

i b TN %
lkg-m/s”

T S50N-
D ol ‘ =3.1m/s
1N

;’7. == =
"o (0.40m)(40 kgls)

LY

Then the tangential and angular velocity of the nozzles become

o =Wy —V, =1179-3.1=114.8m/s

nozzle

g e, FYRBINS Seg, gy

¥ 0.4m
: 287 rad/s {
. @ :;.S 11{151 60s ‘:2?41”]"_'

27 27 . 1min |

Therefore, this sprinkler will rotate at 2741 revolutions per minute.
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EXAMPLE 6-42
Pelton wheel turbines are commonly used in hydroelectric power plants to
generate electric power. In these turbines, a high-speed jet at a velocity of V;
impinges on buckets, forcing the wheel to rotate. The buckets reverse the
direction of the jet, and the jet leaves the bucket making an angle B with the
direction of the jet, as shown in Fig. P6-51. Show that the power produced by a
Pelton wheel of radius r rotating steadily at an angular velocity of w is W«
= pwrl'/(\/j — wr)(1 - cos B), where p is the density and V is the volume flow rate of
the fluid. Obtain the numerical value for p = 1000 kg/m3,r=2 m,V =10 m3/s, V =
150 rpm, B = 160°, and V; = 50 nv/s.

I'j_— -1’
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Assumptions 1 The flow is uniform and cyclically steady. 2 The water is
discharged to the atmosphere, and thus the gage pressure at the nozzle outlet is
zero. 3 Generator losses and air drag of rotating components are neglected. 4
The nozzle diameter is small compared to the moment arm, and thus we use
average values of radius and velocity at the outlet.
Properties We take the density of water to be 1000 kg/m3= 1 kg/L.
Analysis The tangential velocity of buckets corresponding to an angular velocity

of w = 2mn is Vet = rw. Then the relative velocity of the jet (relative to the
bucket) becomes

V}' . V;’ = Vbucket - V;’ —ra

We take the imaginary disk that contains the Pelton wheel as the control volume.
The inlet velocity of the fluid into this control volume is V,, and the component of
outlet velocity normal to the momentarm is V,cosB. The angular momentum
equation can be expressed as } M = )., rmV — }.;,,,rmV where all moments in
the counterclockwise direction are positive, and all in the clockwise direction are
negative. Then the angular momentum equation about the axis of rotation
becomes
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—M o =1V, cos f—rmV, or M g.g =1V, (1-cos §)=ri(V; —ro)(l-cos §)

Noting that Wshaft 2mNMgpq e = WMgpqre @and m = pV, the power output of a
Pelton turbine becomes

Win = pt%*m{_l’/’j —rm)(l1-cos 5)

which is the desired relation. For given values, the power output is determined to
be

1IN ]:11.3mw

H'*’Ehaﬁ = (1000 kg_r..-"'m )10 m>/s)(2 m)(15.71rad/s)(50-2x15. 71m/s)(1-cos160°) - .
10" N-mv/s |

[ 1 min

where @ =2m = 27x(150 rev/min) J =15.71rad/s

\
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EXAMPLE 6-43
The impeller of a centrifugal blower has a radius of 15 cm and a blade width of 6.1
cm at the inlet, and a radius of 30 cmm and a blade width of 3.4 cm at the outlet.
The blower delivers atmospheric air at 20°C and 95 kPa. Disregarding any losses
and assuming the tangential components of air velocity at the inlet and the outlet
to be equal to the impeller velocity at respective locations, determine the
volumetric flow rate of air when the rotational speed of the shaft is 800 rpm and
the power consumption of the blower is 120 W. Also determine the normal
components of velocity at the inlet and outlet of the impeller.

Outlet

- o . r-n-_. =
v il Inlet ,
~ % .
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Impeller
blade

Impeller /
Impeller region

Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are
negligible. 3 The tangential components of air velocity at the inlet and the outlet
are said to be equal to the impeller velocity at respective locations.

Properties The gas constant of air is 0.287 kPa-m3/kg-K. The density of air at
20°C and 95 kPa is

P 95 kPa
" RT  (0.287 kPa-m°/kg - K)(293 K)

0 —1.130 kg/m”°
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Analysis In the idealized case of the tangential fluid velocity being equal to the blade

angular velocity both at the inlet and the outlet, we have V,, = wr, and V,; = wr,, and the
torque is expressed as

Tagag =MV, —1Vy,)=m m{r*_;} — rf e pl'.)m(rf —rf}
where the angular velocity is

1 min

@ =2m =2x(800 rev/ 111111]‘ ‘ = 83.78 rad/s

Then the shaft power becomes
s —E s — pVo’ {rg:' = 1'11 )
Solving for V and substituting, the volume flow rate of air is determined to

U= —0.224 m3/s

Wt 120N -m/s | ILE m/s> |
pmz{rf —1'12} (1.130 kg/ m’ )(83.7 78 rad/s)> [(0,30111} -(0.15m)"~ ]

The normal velocity components at the inlet and the outlet are

v 0.224
B = m° ~3.90 m/s
' 27, E}l 27(0.15m)(0. [}61111}
v 0.224m"/s
VE_.H = =5 111 S =3.50m/s

2m5b,  27x(0.30m)(0.034 m)

Discussion Note that the irreversible losses are not considered in analysis. In reality, the
flow rate and the normal components of velocities will be smaller.
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EXAMPLE 6-44
Consider a centrifugal blower that has a radius of 20 cm and a blade width of 8.2
cm at the impeller inlet, and a radius of 45 cm and a blade width of 5.6 cm at the
outlet. The blower delivers air at a rate of 0.70 m?3/s at a rotational speed of 700
rom. Assuming the air to enter the impeller in radial direction and to exit at an
angle of 50° from the radial direction, determine the minimum power consumption
of the blower. Take the density of air to be 1.25 kg/m?3.
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Impeller

Impeller
blade

Impeller region

Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are
negligible.
Properties The density of air is given to be 1.25 kg/m3.
Analysis We take the impeller region as the control volume. The normal velocity
components at the inlet and the outlet are

% 0.70m>/s

— = . =6.793 Vs
2mb;  27(0.20m)(0.082 m

Vl_n
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3
By =t e WIS ey
= 2myb, 27(0.45m)(0.056 m)
The tangential components of absolute velocity are:
oy = 0°: Vi, =V, tana; =0

o2 = 60° Vo, =V,, tana; =(4.421m/s) tan 50° = 5.269 m/s

The angular velocity of the propeller is

"1 min
} = 73.30rad/s
605 J

= pV =(1.25kg/m’ )(0.7m"/s) = 0.875 kg/s
Normal velocity components V, ,, and V, , as well pressure acting on the inner and
outer circumferential areas pass through the shaft center, and thus they do not

contribute to torque. Only the tangential velocity components contribute to torque,
and the application of the angular momentum equation gives

@ = 2m = 27(700 rev/min)

i A
i

Ty = 1(rVs, —1 V7, ) = (0.875 kg/s)[(0.45 m)(5.269 m/s) - o]l s : |: 2.075N-m
h ’ lkg-m/s” |
Then the shaft power becomes
W =T, 5 =(73.301ad/s)(2.075N - 1]1)[ LW 1_152w
' IN-m/s
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EXAMPLE 6-45
The impeller of a centrifugal pump has inner and outer diameters of 13 and 30
cm, respectively, and a flow rate of 0.75 m3/s at a rotational speed of 1200 rpm.
The blade width of the impeller is 8 cm at the inlet and 3.5 cm at the outlet. If

water enters the impeller in the radial direction and exits at an angle of 60° from
the radial direction, determine the minimum power requirement for the pump.

Impeller

Impeller
blade

Impeller Impeller region
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Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are
negligible.
Properties We take the density of water to be 7000 kg/m3.

Analysis We take the impeller region as the control volume. The normal velocity
components at the inlet and the outlet are

v 0.15m?/s |
Vip = = il =2.296 m/s
' 2myb;  27(0.13m)(0.080 m)
v 0.15m>/s |
Vou = = i =2274m/s

2m50b,  27(0.30m)(0.035 m)

The tangential components of absolute velocity are:

ac= 10 Vie =V, tana; =0

o= 60°: Vyy =V,, tana; =(2.274 m/s) tan 60° = 3.938 m/s

The angular velocity of the propeller is

F 1min .
1 ‘ =125.7rad/s

@ =2m =2x(1200 rev/min)
60s J

= pV = (1000 kg/m>)(0.15m>/s) =150 kg/s
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Normal velocity components V, ,, and V, , as well pressure acting on the inner and
outer circumferential areas pass through the shaft center, and thus they do not

contribute to torque. Only the tangential velocity components contribute to torque,
and the application of the angular momentum equation gives

| (N )
Taug = Vs, — 1V, ) = (150 kg/s)[(0.30 m)(3.938 nv/s) - 0] —-|=1772kN-m
¥ 2. : L1000 kg-m/s= |

Then the shaft power becomes

W = 0T = (125.7 rad/s)(177.2 KN -m)| ——__ | _ 22 3 kWi
1KN-m/s J

Discussion Note that the irreversible losses are not considered in analysis. In
reality, the required power input will be larger.
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Review Problems
Sample Questions and Answers
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EXAMPLE 6-46

Water is flowing into and discharging from a pipe Usection as shown in Fig. P6—
58. At flange (1), the total absolute pressure is 200 kPa, and 30 kg/s flows into the
pipe. At flange (2), the total pressure is 150 kPa. At location (3), 8 kg/s of water
discharges to the atmosphere, which is at 100 kPa. Determine the total x- and z-
forces at the two flanges connecting the pipe. Discuss the significance of gravity
force for this problem. Take the momentum-flux correction factor to be 1.03.

Assumptions 1 The flow is
steady and incompressible. 2
The weight of the U-turn and
the water in it is negligible. 4
The momentum-flux
correction factor for each inlet
and outlet is given to be B =
1.03.

Properties We take the
density of water to be 7000
kg/m3.

Analysis The flow velocities
of the 3 streams are

8 kg/s

|*3 cm

©)

—

L

I\..—,

22 kg/s -'l—B 10cm

: 30 kg/s ==} S cm $

A T .CD

78

Prof. Dr. Ali Pinarbagsi

Chapter 6: MOMENT ANALYSIS OF FLOW SYSTEMS




1y Iy 30kg/s |

Fy= = g 3 ——=15.3m/s
pd;  p(zD{ /4) (1000 kg/m’)[7(0.05m)* / 4] @
71 5 ) 27 keols |

Wy = = Hf;i = % < = =2.80 m/s
P4, p(aD; /4)  (1000kg/m™ )[7(0.10 m)~ / 4] 22 kels
UE 3 8 kg/s :

3= = S o ———=11.3m/s @

pAs  p(xD5/4)  (1000kg/m~)[7(0.03m)~ /4]

30 kg/s

We take the entire U-section as the control volume. We designate the horizontal
coordinate by x with the direction of incoming flow as being the positive direction
and the vertical coordinate by z. The momentum equation for steady one-
dimensional flow is 3. F = Yout PMV — ... pmV. We let the x- and z- components
of the anchoring force of the cone be Fg, and Fx,, and assume them to be in the

positive directions. Then the momentum equations along the x and z axes
become

FR‘E’ +P1.“11 +Pz."iz = ﬁ}”_} {_Vz )—ﬁ?ﬁ.‘lVl — FR‘I:' = _P‘i"{l _Pz.’iz —ﬁ(?f!lffz -I-h;.i']Vl }
FR_‘ +0:fh31:f3'{] —> FR_' :ﬁ}j33V3

Substituting the given values,
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AR Iy . 7(0.10m)>
e =-1(200-100) kNm*1 = 4“” _[(150~100) kN/m?2 Z0 10 )

1 kN
L 1000 kg - m/ %

‘HBO kgs)(15.3mss)| LN E
| 1000 kg - .m/s? !

—1.03| (22 kg/s)(2.80 m/ a]

]
i

=—0.733 kN=-733N

IN

Fp. =1.03(8 kg/s)(11. %1115)‘
1kg -m/s”

=93.1N

The negative value for Fg, indicates the assumed direction is wrong, and should
be reversed. Therefore, a force of 733 N acts on the flanges in the opposite
direction. A vertical force of 93.1 N acts on the flange in the vertical direction.

Discussion To assess the significance of gravity forces, we estimate the weight
of the weight of water in the U-turn and compare it to the vertical force. Assuming
the length of the U-turn to be 0.5 m and the average diameter to be 7.5 cm, the
mass of the water becomes

aD? 7(0.075 m)*
4

m=pV = pAL = pTL = (1000 kg/m*) (0.5m) =2.2kg

whose weight is 2.2x9.81 = 22 N, which is much less than 93.1, but still
significant. Therefore, disregarding the gravitational effects is a reasonable
assumption if great accuracy is not required.
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EXAMPLE 6-47
A tripod holding a nozzle, which directs a 5-cm-diameter stream of water from a
hose, is shown in Fig. P6-59. The nozzle mass is 10 kg when filled with water.
The tripod is rated to provide 1800 N of holding force. A firefighter was standing
60 cm behind the nozzle and was hit by the nozzle when the tripod suddenly
failed and released the nozzle. You have been hired as an accident
reconstructionist and, after testing the tripod, have determined that as water flow
rate increased, it did collapse at 1800 N. In your final report you must state the
water velocity and the flow rate consistent with the failure and the nozzle velocity
when it hit the firefighter.
Answers: 30.2 m/s, 0.0593 m3/s, 14.7 m/s

Assumptions 1 The flow is steady and Nzl
incompressible. 2 The water jet is exposed to the \'-.
atmosphere, and thus the pressure of the water jet is
the atmospheric pressure, which is disregarded
since it acts on all surfaces. 3 Gravitational effects
and vertical forces are disregarded since the
horizontal resistance force is to be determined. 4 Jet
flow is nearly uniform and thus the momentum-flux
correction factor can be taken to be unity, 8 = 1.
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Properties We take the density of water to be 7000 kg/m?.
Analysis We take the nozzle and the horizontal portion of the hose as the system
such that water enters the control volume vertically and outlets horizontally (this
way the pressure force and the momentum flux at the inlet are in the vertical
direction, with no contribution to the force balance in the horizontal direction, and
designate the entrance by 1 and the outlet by 2. We also designate the horizontal
coordinate by x (with the direction of flow as being the positive direction).

The momentum equation for steady one-dimensional flow is

D F = Yout PV — ., fmV. We let the horizontal force applied by the tripod to the
nozzle to hold it be Fg,, and assume it to be in the positive x direction. Then the
momentum equation along the x direction becomes

- 5 L,
3 e [1keg-m/s”

7(0.05m)% __,
72 - (1800 N)| (0.05m)” ,»
|

Fo. =V, —0=mV = pAVV = p = (1000 kg/m”) —

Nozzle

Solving for the water outlet velocity gives V = 30.3 m/s. &
Then the water flow rate becomes

'’ 7(0.05m)>

(30.3m/s) = 0.0595 m?3/s
4 4

Tripod
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When the nozzle was released, its acceleration must have been
F 1800N(1kg-m/s*

a = — -. — 180 m/s”
nozzle nozzle 10kg | 1N

Assuming the reaction force acting on the nozzle and thus its acceleration to
remain constant, the time it takes for the nozzle to travel 60 cm and the nozzle
velocity at that moment were (note that both the distance x and the velocity V are
zero at time t = 0)

| 2y [2(06
.‘L‘:%{TFL — [ = ||I—T = Il{—nl; =0.08165
B \ « \' 180 m/s

V =af=(180 m/s> ¥0.0816s)=14.7T m/s

Thus we conclude that the nozzle hit the fireman with a velocity of 14.7 m/s.

Discussion Engineering analyses such as this one are frequently used in
accident reconstruction cases, and they often form the basis for judgment in
courts.

83 Prof. Dr. Ali Pinarbas Chapter 6: MOMENT ANALYSIS OF FLOW SYSTEMS




" J
EXAMPLE 6-48
Consider an airplane with a jet engine attached to the tail section that expels
combustion gases at a rate of 18 kg/s with a velocity of V = 250 m/s relative to the
plane. During landing, a thrust reverser (which serves as a brake for the aircraft
and facilitates landing on a short runway) is lowered in the path of the exhaust jet,
which deflects the exhaust from rearward to 160°. Determine (a) the thrust
(forward force) that the engine produces prior to the insertion of the thrust
reverser and (b) the braking force produced after the thrust reverser is deployed.

Assumptions 1 The flow of o
exhaust gases is steady and one- BT Thrust

. . ICVErscr
dimensional. 2 The exhaust gas
stream is exposed to the

atmosphere, and thus its pressure ; __%’/TI

is the atmospheric pressure. 3 The

velocity of exhaust gases remains - ol
constant during reversing. 4 Jet flow /

is nearly uniform and thus the \ Thrust
momentum-flux correction factor 250 m/s  reverser

can be taken to be unity, 8 = 1.
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Analysis (a) The thrust exerted on an airplane is simply the momentum flux of the
combustion gases in the reverse direction,

Thrust =m _ V, = (18 kg/s)(250 111:"'5]’ Lﬁ =4500N
| 1kg-m/s”

(b) We take the thrust reverser as the control volume such that it cuts through
both exhaust streams normally and the connecting bars to the airplane, and the
direction of airplane as the positive direction of x axis. The momentum equation
for steady one-dimensional flow in the x direction reduces to

DY F=> pav - paV  — Fp, =1ilV)cos20°—ii(-V) — Fg, =(1+cos20°)?,

out 11

Substituting, the reaction force is determined to be

Fp, =(1+c0s20°)(18 kg/s)(250 mv/s) = 8729 N

The breaking force acting on the plane is equal and opposite to this force,
Fbrenkﬁlg = 8?29 N

Therefore, a braking force of 8729 N develops in the opposite direction tot flight.
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Discussion This problem can be solved more generally by measuring the
reversing angle from the direction of exhaust gases (a = 0 when there is no
reversing). When a < 90°, the reversed gases are discharged in the negative x
direction, and the momentum equation reduces to

Fp.=m(=V)cosa —m(=V) — Fp =((-cosa)yml,

This equation is also valid for a >90° since cos(780°-a) = - cosa. Using a = 160°,
for example, gives Fg, = (1 — cos160)mV; = (1 + cos20)mV;, which is identical to
the solution above.
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EXAMPLE 6-49
A 5-cm-diameter horizontal water jet having a velocity of 30 m/s strikes a vertical

stationary flat plate. The water splatters in all directions in the plane of the plate.
How much force is required to hold the plate against the water stream?

Assumptions 1 The flow is steady and incompressible. 2 The water splatters off
the sides of the plate in a plane normal to the jet. 3 The water jet is exposed to the
atmosphere, and thus the pressure of the water jet and the splattered water is the
atmospheric pressure which is disregarded since it acts on the entire control
surface. 4 The vertical forces and momentum fluxes are not considered since they
have no effect on the horizontal reaction force. 5 Jet flow is nearly uniform and
thus the momentum-flux correction factor can be taken to be unity, § = 1.
Properties We take the density of water to be 7000 kg/m3.

Analysis We take the plate as the control volume such that it contains the entire
plate and cuts through the water jet and the support bar normally, and the
direction of flow as the positive direction of x axis. We take the reaction force to be
in the negative x direction. The momentum equation for steady one-dimensional
flow in the x (flow) direction reduces in this case to

Y F=) paV-> phV - —Fp =-mV, — Fg =V

out n
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We note that the reaction force acts in the opposite direction to flow, and we

should not forget the negative sign for forces and velocities in the negative x-
direction. The mass flow rate of water is

aD* ;. 7(0.05m)”

= pV =pAV =p V =(1000 kg/m°)

(30m/s) =58.90 kg/s

Substituting, the reaction force is determined to be

Fa, =(58.90 kg/s)(30m/s) =1767 N

Therefore, a force of 1767 N must be applied to the plate in the opposite direction
to flow to hold it in place.

30 m/s
\L — \ I Rx
— 1 f,| e
5 cm

Discussion In reality, some water will be scattered back, and this will add to the
reaction force of water.
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EXAMPLE 6-50
A 5-cm-diameter horizontal jet of water, with velocity 30 m/s, strikes the tip of a

horizontal cone, which deflects the water by 45° from its original direction. How
much force is required to hold the cone against the water stream?

Assumptions 1 The flow is steady and incompressible. 2 The water jet is exposed to the
atmosphere, and thus the pressure of the water jet before and after the split is the
atmospheric pressure which is disregarded since it acts on all surfaces. 3 The gravitational
effects are disregarded. 4 Jet flow is nearly uniform and thus the momentum-flux correction
factor can be taken to be unity, 8 = 1.

Properties We take the density of water to be 7000 kg/m?.

Analysis The mass flow rate of water jet is

- D> 7(0.05m)° | |
ol = A p% 7 = (1000 ke/m?) 7 04 M) (30 m/s) = 58.90 ke/s

We take the diverting section of water jet, including the cone as the control volume, and
designate the entrance by 1 and the outlet after divergence by 2. We also designate the
horizontal coordinate by x with the direction of flow as being the positive direction and the
vertical coordinate by .

The momentum equation for steady one-dimensional flow is
YF =3, BmV =3, BmV.We let the x- and y- components of the anchoring force of the

cone be Fg,and Fg,, and assume them to be in the positive directions. Noting that V, =V, =
V and m, = my = m, the momentum equations along the x and y axes become
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Fp. =mV, cos @—mV; =mV(cos &—1)

Fp, =0 (becauseof symmetry about X axis)

Substituting the given values,

. " 1IN
Fp. =(58.90kg/s)(30 m/s)(cos45°-1)| ——— -
L 1kg-m/s” |

=-518N
Ff‘f_\' :0

The negative value for Fg, indicates that the assumed direction is wrong, and
should be reversed. Therefore, a force of 518 N must be applied to the cone in the
opposite direction to flow to hold it in place. No holding force is necessary in the
vertical direction due to symmetry and neglecting gravitational effects.

Discussion In reality, the gravitational effects will cause the upper part of flow to
slow down and the lower part to speed up after the split. But for short distances,
these effects are negligible.
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EXAMPLE 6-51
A 60-kg ice skater is standing on ice with ice skates (negligible friction). She is
holding a flexible hose (essentially weightless) that directs a 2-cm-diameter
stream of water horizontally parallel to her skates. The water velocity at the hose
outlet is 10 m/s. If she is initially standing still, determine (a) the velocity of the
skater and the distance she travels in 5 s and (b) how long it will take to move 5 m

and the velocity at that moment.
Answers: (a) 2.62 m/s, 6.54 m, (b) 4.4 s, 2.3 m/s

Assumptions 1 Friction between the skates and ice is
negligible. 2 The flow of water is steady and one-
dimensional (but the motion of skater is unsteady). 3 The
ice skating arena is level, and the water jet is discharged v 10 m/s
horizontally. 4 The mass of the hose and the water initis = ‘:/glf Syl
negligible. 5 The skater is standing still initially att = 0. 6 Jet = “d S
flow is nearly uniform and thus the momentum-flux

correction factor can be taken to be unity, 8 = 1.

Properties We take the density of water to be 7000 kg/m?. { G

Analysis (a) The mass flow rate of water through the hose s

is

lce skater

-

: — | 7(0.02m)°
m=pAV = p ¥ = (1000 kg/m?) T ( m)

(10m/s)=3.14 kg/s
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The thrust exerted on the skater by the water stream is simply the momentum flux of the
water stream, and it acts in the reverse direction,

( 1IN |
F =Thrust=mV =(3.14 kg/s)(10 m/s)] ——— - |=31.4 N (constant)

| 1kg-m/s™ |
The acceleration of the skater is determined from Newton’s 2" law of motion F = ma where
m is the mass of the skater,

; :Ez 314N lkg-m/s~ :: 0.593 /s
m 60kg|{ IN )

Note that thrust and thus the acceleration of the skater is constant. The velocity of the skater
and the distance traveled in 5 s are

Ve = at =(0.523m/s*)(5s) =2.62 m/s

~

x= %m‘:’ = % (0.523m/s°)(5s)” =6.54 m

(b) The time it will take to move 5 m and the velocity at that
moment are

;.2 I"Z.T | 2(5m)
x=zat® —> t= =] .

B Va Vo0.523m/s?
If

e —ab= {1,528 m/s” (4.4s5)=2.3mls

=44s

Discussion In reality, the velocity of the skater will be lower because of friction on ice and
the resistance of the hose to follow the skater.
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EXAMPLE 6-52
Indiana Jones needs to ascend a 10-m-high building. There is a large hose filled
with pressurized water hanging down from the building top. He builds a square
platform and mounts four 5-cm-diameter nozzles pointing down at each corner. By
connecting hose branches, a water jet with 15-m/s velocity can be produced from
each nozzle. Jones, the platform, and the nozzles have a combined mass of 150
kg. Determine (a) the minimum water jet velocity
needed to raise the system, (b) how long it takes
for the system to rise 10 m when the water jet
velocity is 15 m/s and the velocity of the platform
at that moment, and (c) how much higher will the
momentum raise Jones if he shuts off the water
at the moment the platform reaches 10 m above
the ground. How much time does he have to

jump from the platform to the roof?
Answers: (a) 13.7 m/s, (b) 3.2s,(c)2.1m, 1.3 s
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Assumptions 1 The air resistance is negligible. 2 The flow of water is steady and
one-dimensional (but the motion of platform is unsteady). 3 The platform is still

initially at t = 0. 4 Jet flow is nearly uniform and thus the momentum-flux correction
factor can be taken to be unity, 8 = 1.

Properties We take the density of water to be 7000 kg/m3.

Analysis (a) The total mass flow rate of water through the 4 hoses and the total
weight of the platform are

b |

_ D? _ 7(0.05m)” .
= pAV =4 pTV = 4(1000 kg/m") i = i (15m/s) =118kg/s
] | od BN e o
W :mg:{lﬁﬁkg){Q.Slm-'s‘}‘ — ‘214-’3 N
L 1kg-m/s” |

We take the platform as the system. The momentum equation for steady one-

dimensional flow is . F = Yout LMV — Y. fmV. The minimum water jet velocity

needed to raise the platform is determined by setting the net force acting on the
platform equal to zero,

mD_?

—W =V ) —0 —> W=mF. =piVF . V.. =4p

. g
i i

Solving for V., and substituting,
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Fp. —-W=m(-V)-0=mV — Fp =W-mV=(1472N)-(118kg/s)(15 m/s)

(kg -m/s2)
o ‘:—ZQSI\I
T IN |

(b) We let the vertical reaction force (assumed upwards) acting on the platform be
Fr,. Then the momentum equation in the vertical direction becomes

F 298N {1lkg-m/s” |

= n - =2.0m/s”
m 150kg| 1IN |
2 by (2
x=2at® —¥ t= [ I-(l[}nz} =3.2s

\.l' ] N 1\'| 2m/s” -

V=at=(2m/s?)(3.25)=6.4mls | \\ Fry ((
The upward thrust acting on the platform is equal ‘ T =

X =
and opposite to this reaction force, and thus F = 298
N. Then the acceleration and the ascending time to
rise 10 m and the velocity at that moment become
) Vy 6.4m/s I 1
V=V,—gt="0 t=—2 = -0.65s — oy D=5cm
B ~ g 98lm/s’ W L

15 nv/'s

z=Vot—1 g’ =(6.4m/5)(0.655)-1(9.81m/s%)(0.655)> =2.1m

Therefore, Jones has 2x0.65 = 1.3 s to jump off from the platform to the roof
since it takes another 0.65 s for the platform to descend to the 10 m level.
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EXAMPLE 6-53
A soldier jumps from a plane and opens his parachute when his velocity reaches
the terminal velocity V7. The parachute slows him down to his landing velocity of
V. After the parachute is deployed, the air resistance is proportional to the
velocity squared (i.e., F = kV?2). The soldier, his parachute, and his gear have a
total mass of m. Show that kK = mg/V?- and develop a relation for the soldier’s
velocity after he opens the parachute at time t = 0.

Vr+Vp+(Vp—Vp)e 29t/VF

Vr+Ve—(Vr—Vg)e 29/VF

Answer:V = Vg

Assumptions 1 The air resistance is proportional to the
velocity squared (i.e. F = -kV/?). 2 The variation of the air
properties with altitude is negligible. 3 The buoyancy force
applied by air to the person (and the parachute) is negligible
because of the small volume occupied and the low density of
air. 4 The final velocity of the soldier is equal to its terminal
velocity with his parachute open.

Analysis The terminal velocity of a free falling object is
reached when the air resistance (or air drag) equals the weight
of the object, less the buoyancy force applied by the fluid,
which is negligible in this case,
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;r - . mg
air resistance 7 = J'-"ILIF =g —> k=

=—
Ve

This is the desired relation for the constant of proportionality k. When the
parachute is deployed and the soldier starts to decelerate, the net downward force
acting on him is his weight less the air resistance,

2
2 mg .o V-
Fose— W =i =mg—kV :”'ig__}p =mgl1-———s

Vz | Ve

Substituting it into Newton’s 2" law relation F,,.; = ma = m% gives

(v} av
mgl 1— =mM—
i) dr

[ E*]

Canceling m and separating variables, and integrating from ¢t = 0 when V =V, to t
=twhen V =V gives

dVv dav g J‘f‘

1.,.'1-
-——=gdf > I . e dt
1-V* V& Yy =¥ K
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F, air resistance

. dx 1 a+x .
Using | —— = - In— from integral tables and

applying the integration limits,

Parachute
1 (, V4V _ Vp+Vp | gt
V7 In = —In ;F rT = gl W=mg
JF,_ VF—V IF—IT; Vi

Rearranging, the velocity can be expressed explicitly as a function of time as

Vr +Ve + (Vg —Vp)e 2%

" VeV —We—V3)e 28

Discussion Note that as t—, the velocity approaches the landing velocity of V,,
as expected.
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EXAMPLE 6-54
A horizontal water jet with a flow rate of V and cross-sectional area of A drives a
covered cart of mass m, along a level and nearly frictionless path. The jet enters a
hole at the rear of the cart and all water that enters the cart is retained, increasing
the system mass. The relative velocity between the jet of constant velocity V, and
the cart of variable velocity Vis V, = V. If the cart is initially empty and stationary
when the jet action is initiated, develop a relation (integral form is acceptable) for
cart velocity versus time.

Assumptions 1 The flow of water is steady, one- /i’:fl

dimensional, incompressible, and horizontal. 2 All the
water which enters the cart is retained. 3 The path of
the cart is level and frictionless. 4 The cart is initially
empty and stationary, and thus V=0 attime t=0. 5
Friction between water jet and air is negligible, and
the entire momentum of water jet is used to drive the
cart with no losses. 6 Jet flow is nearly uniform and
thus the momentum-flux correction factor can be
taken to be unity, 8 = 1.

Analysis We note that the water jet velocity V, is constant, but the car velocity V is variable.
Noting that m = pA(V; - V) where Alis the cross-sectional area of the water jetand V-V is
the velocity of the water jet relative to the cart, the mass of water in the cart at any time t is
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T I T _
m,, = I idt = I PA(Vy —V)dt = pAV ;1 — mj vdr (1)
0 0 0

Also,

dm,,
dt

=m=pAWV;-V)

—
Waterjet

We take the cart as the system. The net force acting on the cart in this case is

equal to the momentum flux of the water jet. Newton’s 279 law F = ma = d(mV)/dt
in this case can be expressed as

e d (M V)

: where F=m({lV;-V)=pAlV; ey
dt

and
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d(m V) dlm, +m, V] dv  d(m V) av AV dm.,
= =m, + =m_,——+m,, +V
dr dt dr dt dt dr dt

7

=(m,+m,,) (: +pA(V; -V)V
[

Substituting,

2 dv av
pPAV ; —V)* =(m, +mh.}F+pA(I’J - - pAV; V)V, -2V)=(m_+m,,) -

Noting that mYis a function of t (as given by Eq. 1) and separating variables,

av dr dav dr

— —

— = g V r
pAV; =V )V W) Mg+ Bl A~V r=2F) m, +pAP’Jf—,LMJ‘ Vdt
0

Integrating from t = 0 when V = 0to t =t when V = V gives the desired integral,

0o pA(V, -V)V,-2V)

J‘V av & dr
f
“m, + pAV,t— pAJ‘ Vdt
0

Discussion Note that the time integral involves the integral of velocity, which
complicates the solution.
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EXAMPLE 6-55
Nearly frictionless vertical guide rails maintain a plate of mass m, in a horizontal
position, such that it can slide freely in the vertical direction. A nozzle directs a
water stream of area A against the plate underside. The water jet splatters in the
plate plane, applying an upward force against the plate. The water flow rate m
(kg/s) can be controlled. Assume that distances are short, so the velocity of the
rising jet can be considered constant with height. (a) Determine the minimum
mass flow rate m,,, necessary to just levitate the plate and obtain a relation for
the steady-state velocity of the upward moving plate for m > m_,.. (b) Attime t = 0,
the plate is at rest, and the water jet with m > m_,, is suddenly turned on. Apply a
force balance to the plate and obtain the integral that relates velocity to time (do
not solve).

Guide
Assumptions 1 The flow of water is steady and one- N | B

dimensional. 2 The water jet splatters in the plane of he /_J

plate. 3 The vertical guide rails are frictionless. 4 Times are J
short, so the velocity of the rising jet can be considered to |
remain constant with height. 5 At time t = 0, the plate is at B Y |
rest. 6 Jet flow is nearly uniform and thus the momentum- J " X H
flux correction factor can be taken to be unity, 8 = 1. “Nozzle

|
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Analysis (a) We take the plate as the system. The momentum equation for
steady one-dimensional flow is }; F= Zoutﬁml_f — zmﬁmﬁ. Noting that m = pAV
where A is the cross-sectional area of the water jet and W = m,g, the minimum

mass flow rate of water needed to raise the plate is determined by setting the net
force acting on the plate equal to zero,

W =0-m_ .V, — W=my.V, — M2 = M in (A e [ AV ) — M = ,“,u"'!admpg
For m > m,,,, a relation for the steady state upward velocity V is obtained setting
the upward impulse applied by water jet to the weight of the plate (during steady
motion, the plate velocity V is constant, and the velocity of water jet relative to
plate is V,-V),

I |

o im g wm mog

W=mlV;-V) — m,g = AW, -V)E 5 PP = IIL Ly = = po
\I 0A A \l ok |

(b) At time t = 0 the plate is at rest (V = 0), and it is subjected to water jet with m >

m.i, thus the net force acting on it is greater than the weight of the plate, and the
difference between the jet impulse and the weight will accelerate the plate
upwards. Therefore, Newton’s 2"dlaw F = ma = mdV/dt in this case can be
expressed as
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m(V; —V)—H":mpa - pA(V; —I/)2 —H,g =M, d—V
I FR:
ey
. . . . Guide 7 |

Separating the variables and integrating from e
t=0when V=0tot=twhen V=V gives the |

. . m,
desired integral,

U
|
3"
_ By
0o

=

::M

v m,dv ' v m,dV m
I - :Jdr = r=JA —
O pd(Vy—FK) —=m g ~&0 0 AV ;=F) —m &
Nozzle

Discussion This integral can be performed with the help of integral tables. But
the relation obtained will be implicit in V.
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EXAMPLE 6-56
Water enters a mixed flow pump axially at a rate of 0.2 m3/s and at a velocity of 5
m/s, and is discharged to the atmosphere at an angle of 60° from the horizontal,
as shown in Fig. P6—-71. If the discharge flow area is half the inlet area, determine
the force acting on the shaft in the axial direction.

Assumptions 1 The flow is steady and
incompressible. 2 The forces acting on the piping Blade
system in the horizontal direction are negligible. 3 The
atmospheric pressure is disregarded since it acts on 0.2 ms
all surfaces. 4 Water flow is nearly uniform at the

outlet and thus the momentum-flux correction factor

can be taken to be unity, B = 1.

Properties We take the density of water to be 1000 kg/m3.

Analysis From conservation of mass we have m, =m, =m, and A_,V, = Ac2V2
thus and . Noting that the discharge area is half the inlet area, the discharge
velocity is twice the inlet velocity. That is,

A, | |
AgV, = el Vi=2V; =2(5m/s) =10 m/s

et vt
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We take the pump as the control volume, and the inlet direction of flow as the

positive direction of x axis. The linear momentum equation in this case in the x
direction reduces to

Zf:Zﬁmf—ZﬁmI} — —Fp, =mVyc0s8 —mV; — Fg. =mlV;—-V,c0s8)

out i

where the mass flow rate it

= pV = (1000 kg/m”)(0.20 m>/s) = 200 kg/s -

Substituting the known quantities, the reaction oo

force is determined to be (note that cos60° = i
0.9) mv E |

F . 1

Fry = (200 kg/9)[(5 111.-"5}-{1011L-"'5)c0360]‘ Lz ‘: 0 E

L 1kg-m/s™ | :

Discussion Note that at this angle of discharge, the bearing is not subjected to
any horizontal loading. Therefore, the loading in the system can be controlled by
adjusting the discharge angle.
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EXAMPLE 6-57
Water accelerated by a nozzle enters the impeller of a turbine through its outer
edge of diameter D with a velocity of V making an angle a with the radial direction

at a mass flow rate of m. Water leaves the impeller in the radial direction. If the

angular speed of the turbine shaft i§ n, show that the maximum power that can be
generated by this radial turbine is W, .« = mnmDYV sin a.

Impeller region
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Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are

negligible.

Analysis We take the impeller region as the control volume. The tangential

velocity components at the inlet and the outlet are V; ;=0 and V,,= V'sin a.
Normal velocity components as well pressure acting on the inner and

outer circumferential areas pass through the shaft center, and thus they do not

contribute to torque. Only the tangential velocity components contribute to torque,

and the application of the angular momentum equation gives

Tyog =@V, —nVy,)=mryV,, —0=mD(¥V sina)/ 2
The angular velocity of the propeller is w = 2. Then the shaft power becomes
Wt = OT g = 2mmD(V sin @)/ 2
Simplifying, the maximum power generated becomes

Wagag = mmDV sin «

which is the desired relation.
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EXAMPLE 6-58
Water enters a two-armed lawn sprinkler along the vertical axis at a rate of 60 L/s,
and leaves the sprinkler nozzles as 2-cm diameter jets at an angle of 6 from the
tangential direction, as shown in Fig. P6-73. The length of each sprinkler arm is

0.45 m. Disregarding any frictional effects, determine the rate of rotation r of the
sprinkler in rev/min for (a) 8 = 0°, (b) 8 = 30°, and (c) 6 = 60°.

Assumptions 1 The flow is uniform and
cyclically steady (i.e., steady from a frame
of reference rotating with the sprinkler
head). 2 The water is discharged to the
atmosphere, and thus the gage pressure at
the nozzle outlet is zero. 3 Frictional effects
and air drag of rotating components are
neglected. 4 The nozzle diameter is small
compared to the moment arm, and thus we
use average values of radius and velocity at
the outlet.

Properties We take the density of water to
be 1000 kg/m° = 1 kg/L.
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Analysis We take the disk that encloses the sprinkler arms as the control volume,

which is a stationary control volume. The conservation of mass equation for this
steady flow system is m, = m, = m. Noting that the two nozzles are identical, we

have m, . =m/2orV, .. =V,.,/2sincethe density of water is constant. The
average jet outlet velocity relative to the nozzle is
0 i 60 L/s Im’

View = = 5 t = 9549 m/s
Aie  2[7(0.02m)>/4]| 1000L

The angular momentum equation can be expressed as

YF = Zoutﬁml_f — 3 ﬁml_f. Noting that there are no external moments acting, the
angular momentum equation about the axis of rotation becomes

U==2MianV, €088 — Fpo=0 5 VeV =0

Noting that the tangential component of jet velocity is Vi = Vi, cOs 6, we have

Vozzte = Vier €05 6 =(95.49 m/s)cos &

Also noting that V., = wr = 2mnr, and angular speed and the rate of rotation of
sprinkler head become
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74 95.49 m/s)cos0 . @ 212rad/s{ 60s )
Ho=0r g OIBEIOD o35 gic il 52 2121as 4 GO | =2026 rpm
J 0.45m 27 27 \ 1mun /
v 95.49 m/s)c0s30° » _184r1ad/s( 60s )
2) @ =30% p=_ et  OIBOMEICOSIT _ 10y lte and 5=2 =184”’d"( i | =1755rpm
A 045m 2 27 \ 1min ;
V 95.49 m/s 60° . ] 106 rad/s [ 60s
3) 0= 60% @ e OSAOMIICO60"  gpe 0 pie and a2 100 2| 1 ~|=1013rpm
\ mim |

7 0.45m 25 2T

Discussion The rate of rotation in reality will be lower because of frictional effects
and air drag.
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EXAMPLE 6-59
A stationary water tank of diameter D is mounted on wheels and is placed on a
nearly frictionless level surface. A smooth hole of diameter D, near the bottom of
the tank allows water to jet horizontally and rearward and the water jet force
propels the system forward. The water in the tank is much heavier than the tank-
and-wheel assembly, so only the mass of water remaining in the tank needs to be
considered in this problem. Considering the decrease in the mass of water with
time, develop relations for (a) the acceleration, (b) the velocity, and (c¢) the
distance traveled by the system as a function of time.

Assumptions 1 The orifice has a smooth entrance, and thus the frictional losses
are negligible. 2 The flow is steady, incompressible, and irrotational (so that the
Bernoulli equation is applicable). 3 The surface under the wheeled tank is level
and frictionless. 4 The water jet is discharged horizontally and rearward. 5 The
mass of the tank and wheel assembly is negligible compared to the mass of water
in the tank. 4 Jet flow is nearly uniform and thus the momentum-flux correction
factor can be taken to be unity, 8 = 1.
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Analysis (a) We take point 1 at the free surface of the tank, and point 2 at the
outlet of the hole, which is also taken to be the reference level (z, = 0) so that the
water height above the hole at any time is z. Noting that the fluid velocity at the

free surface is very low (V, =0), it is open to the atmosphere (P, =P_,,), and
water discharges into the atmosphere (and thus P, = P,,,.), the Bernoulli equation

simplifies to
P W o s .
—1+L+:1: T4 pmy 3 zmad g —  V;=42g
rg  2g re 2g 2g

The discharge rate of water from the tank through the hole is

m=pAV; =p ZDG: Vy=p -:GDS
i 4 I 4
The momentum equation for steady one-dimensional flow is

D F = P ﬂrhl? — ) ﬁml_f. Applying it to the water tank, the horizontal force that
acts on the tank is determined to be

."I o
Yy =o=

D D,
F=mV,-0=mV;=p 4“ 2gz = poz q“

The acceleration of the water tank is determined from Newton’s 279 law of motion
F = ma where m is the mass of water in the tank, m = pV,_,. = p(TD? / 4)z,
F  pg=(aD; 12) _D;

a=—= = — a=2g—
m_ pr(aD? / 4) D
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Note that the acceleration of the tank is constant.
(b) Noting that a= dV/dt and thus dV = adt and acceleration a is constant, the

velocity is expressed as
D, @ 3

: Ir L
e [~ ‘
A

V =at — ¥F=32s

&— D —>
(c) Noting that V = dx/dt and thus dx = Vdt, the Dy .
distance traveled by the water tank is determined by ~
integration to be 2
o o
dx =Vdt — dx=2g DE; tdt — = DE t
)5z D~

simmcex=0atr=0.

Discussion In reality, the flow rate discharge velocity and thus the force acting on
the water tank will be less because of the frictional losses at the hole. But these
losses can be accounted for by incorporating a discharge coefficient.
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