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Laplace Transforms




The Laplace transform is a powerful tool for solving
linear differential equations with constant coefficients
and to handle several of them simultaneously.

This last property develops from the fact that in solving
differential equations the Laplace transform method
irst converts them into algebraic equations, and the
resulting equations are then manipulated algebraically
before obtaining the final result; algebraic
manipulations are much easier, and more often
possible, than dealing directly with differential
equations.




The Laplace transform method is similar to the
procedure with logarithms in that it first “transforms”
the differential equation(s) into a “different domain” (the
Laplace domain); it then works algebraically with the
resulting equation(s); and finally it “transforms back” or
“inverse Laplace” the final equation(s) to the original
domain.




Laplace Transforms

Definition of the Laplace Transform




The Laplace transform of a function f(x), where x is the
independent variable, is defined by the following
formula:

E(s)=L[f(x)]= j: f(x)e ™ dx

here F (s ) = the Laplace transform of f(x) and s is the
Laplace transform variable.
For the unit of the power of the exponential to be
dimensionless, the unit of s is the inverse of the unit of
the independent variable.



The Ilimits of integration show that the Laplace
transform contains information on the function f(x) for
only positive values of the independent variable x.

In the analysis of system dynamics, the independent
variable is time t. The Laplace transform of a function

9f/time, f(t), is then

Fs)=LLf0]= | e

and consequently in this case the unit of s is time
inverse (time™").




Example

Figure below shows four functions commonly applied

as inputs to systems to study their responses. \We now

use the definition of the Laplace transform to derive
eir transforms.
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(a) Unit Step Function

This is a sudden change of unit magnitude as sketched

In figure. The mathematical representation of the unit
step change is

0 t<a

uit—a)=-

1 t=a
In figure a = 1. Assuming a = 0 and substituting into
Fs)=LLf@)= | fleat
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(b) A Pulse of Magnitude H and Duration T
The pulse sketched in figure is represented by

0 t<0,t>T

|H o<t<T
0

H
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(c) A Unit Impulse Function

This unit impulse function, also known as the Dirac
delta function and represented by 4(t), is sketched in
figure. It is an ideal pulse with zero duration and unit
area. All of its area is concentrated at time zero.
Because the function is zero at all times except at
ero, and the term e-stin Equation Fo=Lir¢i= | o

Is equal to unity at t = 0, the Laplace transform is

L 8(t) |= J:o ste ™t dt =1

The result of the integration, 1, is the area of the
Impulse.
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(d) A Sine Wave of Unity Amplitude and Frequency w
The sine wave is sketched in figure and is represented in
exponential form by
plot _ ot
20

Sinwt =

here i= V-1 is the symbol for imaginary numbers.
Substituting into equation

Fs)=LIfeN= | fiear
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Laplace Transforms

Properties and Theorems of the Laplace Transform




Laplace Transforms of
Common Functions are
seen in the table.

f(t) F(s) = [f(1)]
o(t) 1
u(t) 1
s
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Linearity and the real differentiation and integration
theorems are necessary for transforming differential
equations into algebraic equations.

The final value theorem is useful for predicting the final
steady-state value of a time function from its Laplace
transform.

he real translation theorem is useful for dealing with
functions delayed in time.




Linearity Property
Laplace transform is a linear operation. This means
that if a is a constant,

Llaf(t)] = aL{f(t)] = ak(s)

e distributive property of addition also follows from
the linearity property:

Llaf(t) + bg(t)] = aL[f(t)] + bL[g(t)] = ak(s) + bG(s)

where a and b are constants.




Real Differentiation Theorem

This theorem establishes a relationship between the
Laplace transform of a function and that of its
derivatives, and it is most important in transforming
differential equations into algebraic equations. It states

that

1| L0 sk - 0

From the definition of the Laplace transform, equation

Fs)=Lif®N= | feear




L m :wae"Stdt
dt 0o dt

In:tegrat—ion by parts yields

u(t)=e™ dv = Malt‘
dt

du =—se ' dt v= f(t)

L _%— =[fie=T - J': £(t)(~se~dt)

:[O—f(O):I+ Sjo f(t)e ™ dt
=sF(s)— f(0)




The extension to higher derivatives is

P, d(df(t)]
dt? dt\ dt

_ || df
dt dt

_ - t—0

= s[sF(s) f(O)] f

t_O

L d;{ z(t) = $2F(s)— sf(0) - —f

t=0




In general,

d"f(t) S py o2 df d" f
L =s"F(s)—s" f(0)—s"* -+ —...—
dtn S (S) S f( ) S dt dtn_l

- - t=0 t=0
As mentioned before, often at the initial state (initial

condition), the variable is at steady state, meaning that
Il time derivatives are zero and that the variable itself

Is at some value that it is defined as zero. For this

common case the preceding expression reduces to

L| SO | gnp )
dt"




Real Integration Theorem

This theorem establishes the relationship between the
Laplace transform of a function and that of its integral.
It states that

o 1
L J f(t)dt |=—F(s)
- O - b

ne Laplace transform of the nth integral of a function
Is the transform of the function divided by s".




Real Translation Theorem

This theorem deals with the translation of a function in
the time axis as shown in figure. The translated
function is the original function delayed in time.
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The theorem states that

L[f(t — to)} = e "0F(s)

Because the Laplace transform does not contain
information about the original function for negative
ime, the delayed function must be zero for all times
ess than the time delay.

This condition is satisfied if the initial condition(s) of the
dependent variable(s) is (are) zero, or if not, the
variable(s) is (are) expressed as deviation(s) from the
initial steady-state condition(s).




From the definition of the Laplace transform, equation
Fs)=LLf@)= | fle

L| f(t-to) |= J:f(t—to)e'sf dt

Lett=t —t;, (ort =t, —7) and substitute.

L| f(t—to)] Ltf(r)e Jd (o +7)

= f (7)e e " dr
=0

= e'“"j f(r)e™dr
0

= e MF(s)

f(7)=0 for 7< O (t<ty)




Final Value Theorem

his theorem allows us to figure out the final value of a
function from its transform. If the Ilimit of f(t) as
t approaches <« exists, the final value can be found
from its Laplace transform as follows:

lim £() = lim sF(s)|

t—o0




Complex Differentiation Theorem

This theorem is useful for evaluating the transforms of
functions involving powers of the independent variable t.
It s/tates that

L[ ()] =--F©




Complex Translation Theorem

This theorem is useful for evaluating transforms of
functions involving exponential functions of time.

It states that
/

Lle* f(t)] = F(s — a)




Initial Value Theorem

This theorem allows the calculation of the initial value
of a function from its transform. It would provide
another check of the validity of derived transforms
were it not for the fact that often the initial conditions of
e variables are zero.

The theorem states that

lim £() = lim sF (s)

S—>00



