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Main Topics

Basic Laws for a System
Relation of System Derivatives to the Control 

Volume Formulation
Conservation of Mass
Momentum Equation for Inertial Control Volume
Momentum Equation for Inertial Control Volume 

with Rectilinear Acceleration
The Angular Momentum Principle
The First Law of Thermodynamics
The Second Law of Thermodynamics
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Basic Laws for a System

Conservation of Mass
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Basic Laws for a System
Momentum Equation for

Inertial Control Volume
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Conservation of Momentum
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Basic Laws for a System
The Angular Momentum Principle
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Basic Laws for a System

The First Law of Thermodynamics
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Basic Laws for a System

The Second Law of Thermodynamics
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Relation of System Derivatives to 
the Control Volume Formulation
Extensive and Intensive Properties
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within the control volume at time t0, is partially out of the control 
volume at time t0+Δt. In fact, three regions can be identified. These 
are: regions I and II, which together make up the control volume,
and region III, which, with region II, is the location of the system at 
time t0+Δt.

Derivation
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the rate of change of Nsystem



© Fox, Pritchard, & McDonaldProf. Dr. Ali PINARBAŞI



© Fox, Pritchard, & McDonaldProf. Dr. Ali PINARBAŞI

Reynolds Transport Theorem

the rate of change of the system 
extensive property N.

the rate of change of the amount of 
property N in the control volume.

the rate at which property N is exiting 
the surface of the control volume.
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Relation of System Derivatives to 
the Control Volume Formulation

Reynolds Transport Theorem
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Relation of System Derivatives to 
the Control Volume Formulation

Interpreting the Scalar Product
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Conservation of Mass

Basic Law, and Transport Theorem
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Conservation of Mass
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Conservation of Mass

Incompressible Fluids

Steady, Compressible Flow
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Example 4.1 MASS FLOW AT A PIPE JUNCTION

Consider the steady flow in a water 
pipe joint shown in the diagram.
The areas are: A1=A2=0.2 m2, and 
A3=0.15 m2. In addition, fluid is 
lost out of a hole at 4, estimated at 
a rate of 0.1 m3/s. The average 
speeds at sections 1 and 3 are V1=5 
m/s and V3=12 m/s, respectively. 
Find the velocity at section 2 .
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Assumptions: (1) Steady flow (given).
(2) Incompressible flow.
(3) Uniform properties at each section.
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Recall that V2 represents the magnitude of the velocity, which 
we assumed was outwards from the control volume. 
The fact that V2 is negative means that in fact we have an inflow 
at location 2 —our initial assumption was invalid.
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Momentum Equation for
Inertial Control Volume

Basic Law, and Transport Theorem
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Momentum Equation for
Inertial Control Volume
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for uniform flow at each inlet and exit
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Example 4.4 CHOICE OF CONTROL VOLUME FOR MOMENTUM ANALYSIS

Water from a stationary nozzle strikes a flat 
plate as shown. The water leaves the nozzle at 
15 m/s; the nozzle area is 0.01 m2. Assuming 
the water is directed normal to the plate, and 
flows along the plate, determine the horizontal 
force you need to resist to hold it in place.

Assmp: (1) Steady flow.
(2) Incompressible flow.
(3) Uniform flow at each section where fluid crosses the CV boundaries.
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There are no body forces in the x direction, 
so FBx = 0,
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The horizontal force on your hand is
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CVII with Horizontal Forces Shown
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Momentum Equation for
Inertial Control Volume

*Differential Control Volume Analysis

a. Continuity Equation

Assps: (1) Steady flow.
(2) No flow across bounding streamlines.
(3) Incompressible flow, ρ=constant.
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b. Streamwise Component of the Momentum Equation
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This equation is subject to the restrictions:
 1. Steady flow.
 2. No friction.
 3. Flow along a streamline.
 4. Incompressible flow.
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Example 4.9 NOZZLE FLOW: APPLICATION OF BERNOULLI EQUATION

Water flows steadily through a horizontal 
nozzle, discharging to the atmosphere. At 
the nozzle inlet the diameter is D1; at the 
nozzle outlet the diameter is D2. Derive an 
expression for the minimum gage pressure 
required at the nozzle inlet to produce a 
given volume flow rate, Q. Evaluate the 
inlet gage pressure if D1=75 mm, D2=25 
mm, and the desired flow rate is 0.02 m3/s.

Assmp: (1) Steady flow (given).
(2) Incompressible flow.
(3) Frictionless flow.
(4) Flow along a streamline.
(5) z1= z2:
(6) Uniform flow at sections 1 and 2
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Bernoulli equation along a streamline between 1 and 2 to evaluate p1.
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Special Case: Bernoulli Equation

1. Steady Flow
2. No Friction
3. Flow Along a Streamline
4. Incompressible Flow
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Momentum Equation for
Inertial Control Volume

Special Case: Control Volume Moving 
with Constant Velocity
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Example 4.10 VANE MOVING WITH CONSTANT VELOCITY

The sketch shows a vane with a turning 
angle of 60o. The vane moves at constant
speed, U=10 m/s, and receives a jet of 
water that leaves a stationary nozzle with 
speed V=30 m/s. The nozzle has an exit 
area of 0.003 m2. Determine the force 
components that act on the vane.

Assmp: (1) Flow is steady relative to the vane.
(2) Magnitude of relative velocity along the vane is constant
(3) Properties are uniform at sections 1 and 2 .
(4) FBx=0:
(5) Incompressible flow.
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The x component of the momentum equation is
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The y component of the momentum equation is
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Momentum Equation for 
Inertial Control Volume with 

Rectilinear Acceleration
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The momentum equation is a vector equation. As with all 
vector equations, it may be written as three scalar 
component equations.
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The Angular Momentum Principle
Basic Law, and Transport Theorem



© Fox, Pritchard, & McDonaldProf. Dr. Ali PINARBAŞI

The Angular Momentum Principle
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Example 4.14 LAWN SPRINKLER: ANALYSIS USING FIXED CONTROL VOLUME

A small lawn sprinkler is shown in the sketch at right. At an inlet gage 
pressure of 20 kPa, the total volume flow rate of water through the sprinkler 
is 7.5 liters per minute and it rotates at 30 rpm. The diameter of each jet is 4 
mm. Calculate the jet speed relative to each sprinkler nozzle. Evaluate the 
friction torque at the sprinkler pivot.

Asmt: (1) Incompressible flow.
(2) Uniform flow at each section.
(3) ω= constant:
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The First Law of 
Thermodynamics

Basic Law, and Transport Theorem
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The First Law of 
Thermodynamics

Work Involves
 Shaft Work
 Work by Shear Stresses 

at the Control Surface
 Other Work
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The Second Law of 
Thermodynamics

Basic Law, and Transport Theorem
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The Second Law of 
Thermodynamics
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Chapter 5
Introduction to 

Differential Analysis of 
Fluid Motion
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A schematic of Aquamarine’s Oyster device
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Main Topics

Conservation of Mass
Stream Function for Two-Dimensional 

Incompressible Flow
Motion of a Fluid Particle (Kinematics)
Momentum Equation
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Conservation of Mass

Basic Law for a System
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Conservation of Mass
Rectangular Coordinate System
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Conservation of Mass

Rectangular Coordinate System
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Conservation of Mass

Rectangular Coordinate System

“Continuity Equation”
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Conservation of Mass

Rectangular Coordinate System

“Del” Operator
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Conservation of Mass

Rectangular Coordinate System
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Conservation of Mass

Rectangular Coordinate System
Incompressible Fluid:

Steady Flow:
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Conservation of Mass

Cylindrical Coordinate System
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Conservation of Mass

Cylindrical Coordinate System
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Conservation of Mass

Cylindrical Coordinate System

“Del” Operator
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Conservation of Mass

Cylindrical Coordinate System
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Conservation of Mass

Cylindrical Coordinate System
Incompressible Fluid:

Steady Flow:
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Stream Function for
Two-Dimensional

Incompressible Flow

Two-Dimensional Flow

Stream Function 
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Stream Function for
Two-Dimensional

Incompressible Flow

Cylindrical Coordinates

Stream Function (r,)
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Motion of a Fluid Particle 
(Kinematics)

Fluid Translation: Acceleration of a
Fluid Particle in a Velocity Field

Fluid Rotation
Fluid Deformation

• Angular Deformation
• Linear Deformation
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Motion of a Fluid Particle 
(Kinematics)
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Motion of a Fluid Particle 
(Kinematics)

Fluid Translation: Acceleration of a
Fluid Particle in a Velocity Field
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Motion of a Fluid Particle 
(Kinematics)

Fluid Translation: Acceleration of a
Fluid Particle in a Velocity Field
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Motion of a Fluid Particle 
(Kinematics)

Fluid Translation: Acceleration of a
Fluid Particle in a Velocity Field
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Motion of a Fluid Particle 
(Kinematics)

Fluid Translation: Acceleration of a
Fluid Particle in a Velocity Field (Cylindrical)
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Motion of a Fluid Particle 
(Kinematics)

Fluid Rotation
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Motion of a Fluid Particle 
(Kinematics)

Fluid Rotation
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Motion of a Fluid Particle 
(Kinematics)

Fluid Rotation
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Motion of a Fluid Particle 
(Kinematics)

Fluid Deformation:
• Angular Deformation
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Motion of a Fluid Particle 
(Kinematics)

Fluid Deformation:
• Angular Deformation
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Motion of a Fluid Particle 
(Kinematics)

Fluid Deformation:
• Linear Deformation
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Conservation of Momentum
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Momentum Equation

Newton’s Second Law
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Momentum Equation
Forces Acting on a Fluid Particle
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Momentum Equation
Forces Acting on a Fluid Particle
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Momentum Equation
Differential Momentum Equation
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Momentum Equation
Newtonian Fluid: Navier-Stokes Equations
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Momentum Equation

Special Case: Euler’s Equation
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Computational Fluid Dynamics

Some Applications
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Computational Fluid Dynamics

Discretization
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Chapter 6
Incompressible
Inviscid Flow
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Main Topics

Momentum Equation for Frictionless Flow: 
Euler’s Equation

Euler’s Equation in Streamline Coordinates
Bernoulli Equation – Integration of Euler’s 

Equation Along a Streamline for Steady Flow
The Bernoulli Equation Interpreted as an 

Energy Equation
Energy Grade Line and Hydraulic Grade Line
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Momentum Equation for Frictionless 
Flow: Euler’s Equation

Euler’s Equation

Continuity
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Momentum Equation for Frictionless 
Flow: Euler’s Equation

Rectangular Coordinates
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Momentum Equation for Frictionless 
Flow: Euler’s Equation

Cylindrical Coordinates
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Euler’s Equation in
Streamline Coordinates

Along a Streamline
(Steady Flow, ignoring body forces)
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which indicates that (for an incompressible, inviscid flow) a 
decrease in velocity is accompanied by an increase in pressure 
and conversely.

The only force experienced by the particle is the net pressure 
force, so the particle accelerates toward low-pressure regions and 
decelerates when approaching high-pressure regions.
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Normal to the Streamline
(Steady Flow, ignoring body forces)

For steady flow in a horizontal 
plane, Euler’s equation normal 
to a streamline becomes

indicates that pressure increases in the direction outward from the 
center of curvature of the streamlines.

Because the only force experienced by the particle is the net 
pressure force, the pressure field creates the centripetal 
acceleration. In regions where the streamlines are straight, the 
radius of curvature, R, is infinite so there is no pressure variation 
normal to straight streamlines.
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Example 6.1 FLOW IN A BEND

The flow rate of air at standard 
conditions in a flat duct is to be 
determined by installing pressure 
taps across a bend. The duct is 0.3 m 
deep and 0.1 m wide. The inner 
radius of the bend is 0.25 m. If the 
measured pressure difference 
between the taps is 40 mm of water, 
compute the approximate flow rate.

Assumptions: (1) Frictionless flow.
(2) Incompressible flow.
(3) Uniform flow at measurement section.
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Bernoulli Equation – Integration of 
Euler’s Equation Along a Streamline 

for Steady Flow
Euler’s Equation in Streamline Coordinates 

(assuming Steady Flow)
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Bernoulli Equation – Integration of 
Euler’s Equation Along a Streamline 

for Steady Flow

Integration Along s Coordinate
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Bernoulli Equation – Integration of 
Euler’s Equation Along a Streamline 

for Steady Flow

Bernoulli Equation

1. Steady Flow
2. No Friction
3. Flow Along a Streamline
4. Incompressible Flow
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Bernoulli Equation – Integration of 
Euler’s Equation Along a Streamline 

for Steady Flow
Static, Stagnation, and Dynamic Pressures

(Ignore Gravity)

DynamicStatic
Stagnation
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Stagnation pressure is measured in the laboratory using a probe 
with a hole that faces directly upstream. Such a probe is called a 
stagnation pressure probe, or pitot tube. The measuring section
must be aligned with the local flow direction.
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The static pressure corresponding to point A is read from the wall 
static pressure tap. The stagnation pressure is measured directly at 
A by the total head tube.

Two probes often are combined, as in the pitot-static tube. The
inner tube is used to measure the stagnation pressure at point B, 
while the static pressure at C is sensed using the small holes in the 
outer tube. 
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Example 6.2 PITOT TUBE
A pitot tube is inserted in an air flow to 
measure the flow speed. The tube is 
inserted so that it points upstream into the 
flow and the pressure sensed by the tube is 
the stagnation pressure. The static pressure 
is measured at the same location in the 
flow, using a wall pressure tap. If the 
pressure difference is 30 mm of mercury, 
determine the flow speed.

Assumptions: (1) Steady flow.
(2) Incompressible flow.
(3) Flow along a streamline.
(4) Frictionless deceleration along stagnation streamline.
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Writing Bernoulli’s equation along the stagnation streamline (with 
Δz=0) yields
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Example 6.4 FLOW THROUGH A SIPHON

A U-tube acts as a water siphon. The 
bend in the tube is 1 m above the water 
surface; the tube outlet is 7 m below the
water surface. The water issues from the 
bottom of the siphon as a free jet at 
atmospheric pressure. Determine (after
listing the necessary assumptions) the 
speed of the free jet and the minimum 
absolute pressure of the water in the
bend.
Assumptions: (1) Neglect friction.

(2) Steady flow.
(3) Incompressible flow.
(4) Flow along a streamline.
(5) Reservoir is large compared with pipe.
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The Bernoulli Equation Interpreted 
as an Energy Equation
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The Bernoulli Equation Interpreted 
as an Energy Equation

Basic Equation

1. No Shaft Work
2. No Shear Force Work
3. No Other Work
4. Steady Flow
5. Uniform Flow and Properties
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The Bernoulli Equation Interpreted 
as an Energy Equation

Assumption 6: Incompressible

Hence

Assumption 7:
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The Bernoulli Equation Interpreted 
as an Energy Equation

“Energy Equation”

1. No Shaft Work
2. No Shear Force Work
3. No Other Work
4. Steady Flow
5. Uniform Flow and Properties
6. Incompressible Flow
7. u2 – u1 – Q/m = 0
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Energy Grade Line and 
Hydraulic Grade Line

Energy Equation
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Energy Grade Line and 
Hydraulic Grade Line

Energy Grade Line (EGL)

Hydraulic Grade Line (HGL)
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Energy Grade Line and 
Hydraulic Grade Line
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Irrotational Flow

Irrotationality Condition
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Irrotational Flow

Velocity Potential
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Irrotational Flow
Velocity Potential automatically

satisfies Irrotationality Condition
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Irrotational Flow
 2D Incompressible, Irrotational Flow
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Irrotational Flow

Elementary Plane Flows
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Irrotational Flow

Superposition
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