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Introduction
• Previously, problems dealing with the motion of 

particles were solved through the fundamental 

equation of motion,

• The current chapter introduces two additional 

methods of analysis.

.F ma 

• Method of work and energy:  directly relates force, 

mass, velocity and displacement.

• Method of impulse and momentum:  directly 

relates force, mass, velocity, and time.
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Work of a Force
• Differential vector is the particle displacement.rd



• Work of the force is 
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• Work is a scalar quantity, i.e., it has magnitude and 

sign but not direction.
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Work of a Force

13 - 5

• Work of the force of gravity,
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• Work of the weight is equal to product of 

weight W and vertical displacement y.

• In the figure above, when is the work done by the weight positive?

a) Moving from y1 to y2 b) Moving from y2 to y1 c) Never



Work of a Force

13 - 6

• Magnitude of the force exerted by a spring is 

proportional to deflection,

 lb/in.or  N/mconstant  spring 
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• Work of the force exerted by spring,
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• Work of the force exerted by spring is positive 

when x2 < x1, i.e., when the spring is returning to 

its undeformed position.

• Work of the force exerted by the spring is equal to 

negative of area under curve of F plotted against x,
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Work of a Force

13 - 7

As the block moves from A0 to A1, is 

the work positive or negative?

Positive Negative

As the block moves from A2 to Ao, is 

the work positive or negative?

Positive Negative

Displacement is 

in the opposite 

direction of the 

force



Particle Kinetic Energy: Principle of Work & 
Energy

13 - 8
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• Consider a particle of mass m acted upon by force F


• Integrating from A1 to A2 ,
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• The work of the force      is equal to the change in 

kinetic energy of the particle.

F
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• Units of work and kinetic energy are the same:
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Applications of the Principle of Work and 
Energy

13 - 9

• The bob is released

from rest at position A1.

Determine the velocity

of the pendulum bob at

A2 using work & kinetic

energy.

• Force      acts normal to path and does no 

work.
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• Velocity is found without determining 

expression for acceleration and integrating.

• All quantities are scalars and can be added 

directly.

• Forces which do no work are eliminated from 

the problem.



Potential Energy

13 - 10

• Work of the force exerted by a spring depends 

only on the initial and final deflections of the 

spring,
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• The potential energy of the body with respect 

to the elastic force,

   
2121

2

2
1

ee

e

VVU

kxV







• Note that the preceding expression for Ve is 

valid only if the deflection of the spring is 

measured from its undeformed position.



Conservation of Energy

13 - 11

• Work of a conservative force,

2121 VVU 

• Concept of work and energy,

1221 TTU 

• Follows that

constant 
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• When a particle moves under the action of 

conservative forces, the total mechanical 

energy is constant.




WVT

WVT





11

11 0

 





WVT

VWg
g

W
mvT





22

2
2
22

1
2 02

2

1
• Friction forces are not conservative.  Total 

mechanical energy of a system involving 

friction decreases.

• Mechanical energy is dissipated by friction 

into thermal energy.  Total energy is constant.







1) The force 𝑭 = (𝑦𝑧 ı  +𝑧𝑥 𝑗 𝑥𝑦𝑘)/𝑥𝑦𝑧 acts on 
the particle P(x, y, z) which moves in space. (a)
Show that this force is a conservative force. (b)
Determine the potential function associated 
with F.











2)

A spring is used to stop a 60 kg package 

which is sliding on a horizontal surface.  

The spring has a constant k = 20 kN/m 

and is held by cables so that it is initially 

compressed 120 mm.  The package has a 

velocity of 2.5 m/s in the position shown 

and the maximum deflection of the spring 

is 40 mm.

Determine (a) the coefficient of kinetic 

friction between the package and surface 

and (b) the velocity of the package as it 

passes again through the position shown.

SOLUTION:

• Apply the principle of work and energy 

between the initial position and the 

point at which the spring is fully 

compressed and the velocity is zero.  

The only unknown in the relation is the 

friction coefficient.

• Apply the principle of work and energy 

for the rebound of the package.  The 

only unknown in the relation is the 

velocity at the final position.



SOLUTION:

• Apply principle of work and energy between initial 

position and the point at which spring is fully compressed.
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• Apply the principle of work and energy for the rebound 

of the package.  
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3)
The 2-kg block is pressed against the

spring so as to compress it 0.5 m when it

is at A. If the coefficient of kinetic

friction between the block and the surface

AB is μ𝑘 = 0.25, determine the distance

d, measured from the wall, to where the

block strikes the ground. Neglect the size

of the block.







4)
A package is projected up a 15° incline

at A with an initial velocity of 8 m/s.

Knowing that the coefficient of kinetic

friction between the package and the

incline is 0.12, determine

(a) the maximum distance d that the

package will move up the incline,

(b) the velocity of the package as it

returns to its original position.









5)
The 2-kg collar is released from rest at A

and travels along the smooth vertical

guide. Determine the speed of the collar

when it reaches position B. Also, find the

normal force exerted on the collar at this

position. The spring has an unstretched

length of 200 mm.









6)







Principle of Impulse and Momentum

13 - 37

• From Newton’s second law,

   vmvm
dt
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• The final momentum of the particle can be 

obtained by adding vectorially its initial 

momentum and the impulse of the force during 

the time interval.
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• Dimensions of the impulse of 

a force are  

force*time.

• Units for the impulse of a 

force are
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2
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Impulsive Motion

13 - 38

• Force acting on a particle during a very short 

time interval that is large enough to cause a 

significant change in momentum is called an 

impulsive force.

• When impulsive forces act on a particle,

21 vmtFvm




• When a baseball is struck by a bat, contact 

occurs over a short time interval but force is 

large enough to change sense of ball motion.

• Nonimpulsive forces are forces for which

is small and therefore, may be 

neglected – an example of this is the weight 

of the baseball.
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5)

A 10 kg package drops from a chute into a 25-kg

cart with a velocity of 3 m/s. Knowing that the cart

is initially at rest and can roll freely, determine (a)

the final velocity of the cart, (b) the impulse exerted

by the cart on the package, and (c) the fraction of

the initial energy lost in the impact.



A 10 kg package drops from a chute 

into a 24 kg cart with a velocity of 3 

m/s.  Knowing that the cart is initially at 

rest and can roll freely, determine (a)

the final velocity of the cart, (b) the 

impulse exerted by the cart on the 

package, and (c) the fraction of the 

initial energy lost in the impact.

SOLUTION:

• Apply the principle of impulse and 

momentum to the package-cart system 

to determine the final velocity.

• Apply the same principle to the package 

alone to determine the impulse exerted 

on it from the change in its momentum.



SOLUTION:

• Apply the principle of impulse and momentum to the package-cart 

system to determine the final velocity.
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• Apply the same principle to the package alone to determine the impulse 

exerted on it from the change in its momentum.
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To determine the fraction of energy lost,
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6)

The jumper approaches the takeoff line from

the left with a horizontal velocity of 10 m/s,

remains in contact with the ground for 0.18 s,

and takes off at a 50o angle with a velocity of

12 m/s. Determine the average impulsive

force exerted by the ground on his foot. Give

your answer in terms of the weight W of the

athlete.



The jumper approaches the takeoff 

line from the left with a horizontal 

velocity of 10 m/s, remains in contact 

with the ground for 0.18 s, and takes 

off at a 50o angle with a velocity of 12 

m/s. Determine the average impulsive 

force exerted by the ground on his 

foot. Give your answer in terms of the 

weight W of the athlete.

SOLUTION:

• Draw impulse and momentum diagrams 

of the jumper.

• Apply the principle of impulse and 

momentum to the jumper to determine 

the force exerted on the foot.



Draw impulse and momentum diagrams of the jumper
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Given:  v1 = 10 m/s, v2= 12 m/s at 50º, 

Δt= 0.18 s
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Use the impulse momentum equation in x and y to find Favg

W t
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Favg-x is positive, which means we 
guessed correctly (acts to the left)



Impact

13 - 48

• Impact:  Collision between two bodies which 

occurs during a small time interval and during 

which the bodies exert large forces on each other.

• Line of Impact:  Common normal to the surfaces 

in contact during impact.

• Central Impact:  Impact for which the mass 

centers of the two bodies lie on the line of impact;  

otherwise, it is an eccentric impact..

Direct Central Impact

• Direct Impact:  Impact for which the velocities of 

the two bodies are directed along the line of 

impact.

Oblique Central Impact

• Oblique Impact:  Impact for which one or both of 

the bodies move along a line other than the line of 

impact.



Direct Central Impact

13 - 49

• Bodies moving in the same straight line, 

vA > vB .

• Upon impact the bodies undergo a

period of deformation, at the end of which, 

they are in contact and moving at a 

common velocity.

• A period of restitution follows during 

which the bodies either regain their 

original shape or remain permanently 

deformed.

• Wish to determine the final velocities of the 

two bodies.  The total momentum of the 

two body system is preserved,

BBBBBBAA vmvmvmvm 

• A second relation between the final 

velocities is required.



Direct Central Impact

13 - 50

• Period of deformation: umPdtvm AAA  

• Period of restitution: AAA vmRdtum  
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B

B

vu

uv
 e





• Combining the relations leads to the desired 

second relation between the final velocities.

 BAAB vvevv 

• Perfectly plastic impact, e = 0:  vvv AB   vmmvmvm BABBAA 

• Perfectly elastic impact, e = 1:

Total energy and total momentum conserved.
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Oblique Central Impact

13 - 51

• Final velocities are 

unknown in magnitude 

and direction.  Four 

equations are required.

• No tangential impulse component; 

tangential component of momentum 

for each particle is conserved.

       
tBtBtAtA vvvv 

• Normal component of total 

momentum of the two particles is 

conserved.

       
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• Normal components of relative 

velocities before and after impact 

are related by the coefficient of 

restitution.
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7)

The coefficient of restitution between the two

collars is known to be 0.70. Determine (a)

their velocities after impact, (b) the energy

loss during impact.







8) Two identical cars A and B are at rest on a

loading dock with brakes released. Car C, of

a slightly different style but of the same

weight, has been pushed by dockworkers and

hits car B with a velocity of 1.5 m/s.

Knowing that the coefficient of restitution is

0.8 between B and C and 0.5 between A and

B, determine the velocity of each car after all

collisions have taken place.







9) At an amusement park there are 200-kg

bumper cars A, B, and C that have riders with

masses of 40 kg, 60 kg, and 35 kg,

respectively. Car A is moving to the right

with a velocity of 2 m/s and car C has a

velocity of 1.5 m/s to the left, but car B is

initially at rest. The coefficient of restitution

between each car is 0.8. Determine the final

velocity of each car, after all impacts,

assuming cars A and C hit car B at the same

time.





10) A ball is thrown against a frictionless,

vertical wall. Immediately before the ball

strikes the wall, its velocity has a magnitude

v and forms an angle of 30° with the

horizontal. Knowing that e=0.90 and

v=10 m/s, determine the magnitude and

direction of the velocity of the ball as it

rebounds from the wall. Note that the

direction of the velocity of the ball as it

rebounds from the wall should be shown in a

figure.



A ball is thrown against a frictionless, 

vertical wall.  Immediately before the 

ball strikes the wall, its velocity has a 

magnitude v and forms angle of 30o

with the horizontal.  Knowing that 

e = 0.90, determine the magnitude and 

direction of the velocity of the ball as 

it rebounds from the wall. 

SOLUTION:

• Resolve ball velocity into components 

normal and tangential to wall.

• Impulse exerted by the wall is normal 

to the wall.  Component of ball 

momentum tangential to wall is 

conserved.

• Assume that the wall has infinite mass 

so that wall velocity before and after 

impact is zero.  Apply coefficient of 

restitution relation to find change  in 

normal  relative velocity between wall 

and ball, i.e., the normal ball velocity.



• Component of ball momentum tangential to wall is conserved.

vvv tt 500.0

• Apply coefficient of restitution relation with zero wall 

velocity.
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SOLUTION:

• Resolve ball velocity into components parallel and 

perpendicular to wall.
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11)

The magnitude and direction of the

velocities of two identical frictionless balls

before they strike each other are as shown.

Assuming e = 0.9, determine the magnitude

and direction of the velocity of each ball

after the impact.



The magnitude and direction of the 

velocities of two identical 

frictionless balls before they strike 

each other are as shown.  Assuming 

e = 0.9, determine the magnitude 

and direction of the velocity of each 

ball after the impact.

SOLUTION:

• Resolve the ball velocities into components 

normal and tangential to the contact plane.

• Tangential component of momentum for 

each ball is conserved.

• Total normal component of the momentum 

of the two ball system is conserved.  

• The normal relative velocities of the 

balls are related by the coefficient of 

restitution.

• Solve the last two equations simultaneously 

for the normal velocities of the balls after 

the impact.



SOLUTION:

• Resolve the ball velocities into components normal and 

tangential to the contact plane.

  sft0.2630cos  AnA vv   sft0.1530sin  AtA vv

  sft0.2060cos  BnB vv   sft6.3460sin  BtB vv

• Tangential component of momentum for each ball is 

conserved.
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tAtA vv     sft6.34

tBtB vv

• Total normal component of the momentum of the two 

ball system is conserved.  

       

       

    0.6

0.200.26







nBnA

nBnA

nBBnAAnBBnAA

vv

vmvmmm

vmvmvmvm































6.55
7.23

6.34
tansft9.41

6.347.23

3.40
7.17

0.15
tansft2.23

0.157.17

1

1

B

ntB

A

ntA

v

v

v

v









t

n

• The normal relative velocities of the balls are related by the 

coefficient of restitution.

        
   4.410.200.2690.0 


nBnAnBnA vvevv

• Solve the last two equations simultaneously for the normal 

velocities of the balls after the impact.

  sft7.17
nAv   sft7.23

nBv



12)

A 600-g ball A is moving with a velocity of

magnitude 6 m/s when it is hit as shown by a 1-kg

ball B which has a velocity of magnitude 4 m/s.

Knowing that the coefficient of restitution is 0.8 and

assuming no friction, determine the velocity of each

ball after impact.









13)

The amusement park ride consists of a 200-kg car

and passenger that are traveling at 3 m/s along a

circular path having a radius of 8 m. If at t = 0, the

cable OA is pulled in toward O at 0.5 m/s, determine

the speed of the car when t = 4 s. Also, determine the

work done to pull in the cable.




