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LECTURE 4



Functional Specifications

There are many ways of specifying the function of a
combinational device, for example:

Argh... I'm tired of word games

If Cis 1 then
copy BtoY, Y
otherwise copy
AtoY

il

unless the words are very carefully crafted, there may be
ambiguities introduced by words with multiple interpretations
or by lack of completeness



Functional Specifications

There are many ways of specifying the function of a
combinational device, for example:

Argh... I'm tired of word games

—L If Cis 1 then

B copy BtoY, Y

otherwise copy

C AtoY

Truth Table
c B Ay
. . o o ofo
Concise alternatives: o o 1]1
 truth tables are a concise description of the g i ? ‘i’
combinational system’s function. 1 0 ofo
» Boolean expressions form an algebra whose R
operations are AND (multiplication), OR 1 1 1]1

(addition), and inversion (overbar). o _ _
Y=C-B-A+CBA+CBA+CBA
Any combinational (Boolean) function can be specified as

a truth table or an equivalent sum-of-products Boolean
expression/




Boolean Algebra

A Boolean algebra B is a finite set over which two binary operations + (sum) and - (product) and
satisfy five postulates.



Boolean Algebra Postulates

P 1- Operations + and - are internal: Va,be B, a+beB ya-beB

P 2 — To each operation corresponds a neutral element: Vae B, a+0=a, a-l=a

P 3 — To each element corresponds an inverse element:Vae B, ac B |a +a= 1, a-a=0

P 4 — Operations + and - arecommutative: a+b=b+a, a-b=b-a

P 5 —Operations + and - are distributive: a-(b+c)=a-b+a-c, a+b-c=(a+b)-(a+c)



Boolean Algebra

The set {0, 1} is a Boolean algebra if the operations are defined as follows:

a —
a-b
bj

ab ab |la+b| a

00 0 0 |1

01 0 1 |1 a . a+b
10 0 1 |0 b

11 1 1 |0




Boolean Algebra (distributive rule)

Example: check that a-(b+c) = a-b + a-c

abc | b+c|a(b+c)|ab|ac| ab+ac
ab | ab |la+b| a 000 | O 0 010 0
00 0 0 1 001 1 0 0 (0 0
el N HE I I ol PO I Pl
10 0 ! 0 100 0 0 010 0
11 ] 1 110 101 | 1 1 |0 |1 1

110 1 1 1|0 1

111 1 1 1|1 1




Boolean Algebra (distributive rule)

Comment: —~

a —|

a-(b+c)=a-b+a-c => b J@* a-b+a-c
a —

R

q —
b | F—  a-(b+c)
c




Some useful properties

1 — Neutral element properties: 0=1, 1=0

2 —|ldempotence: a+a=a, a-a=a

a=a+0=a+(a- E)=(a+a)-(a+ E):

P1- VabeB, a+beBya-beB
(a+a)l=a+a

P2 - YaeB, a+0=a, a-l=a
p3- YaeB,3acBla+a=1, a-a=0
P4- a+b=b+a, a-b=b-a

p5. a-(b+c)=a-b+a-c, a+b-c=(a+b)-(a+c)
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Some useful properties - Exercise

Demonstrate that a-a =a

Hint: Use the second part of P2, P3 and P5.

Pl1- VabeB, a+beBya-beB

P2 - VYae B, a+0=a, a-l=a

P3- VaeB,EEeB|a+E=1, a-a=0
P4- a+b=b+a, a-b=b-a

p5. a-(b+c)=a-b+a-c, a+b-c=(a+b)-(a+c)
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Some useful properties - Exercise

Demonstrate that a-a=a

Hint: Use the second part of P2, P3 and P5.

a=a-1=a-(a+ a)=(a-a)+(a- a)=

Pl1- YabeB, a+beByva-beB
(@-a)+0=a-a

P2 - VaeB, a+0=a, a-l=a
_ _ P3 - VaeB,EEeB|a+E=1, a-a=0
a=a+0=a+(a- a)=(a+a)(a+ a)=

(@+a)1=a+a P4- a+b=b+a, a-b=b-a

p5. a-(b+c)=a-b+a-c, a+b-c=(a+b)-(a+c)
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Some useful properties

1 — Neutral element properties: 0=1, 1=0

2 —|ldempotence: a+a=a, a-a=a

3 — Involution: ; =a

4 — Asociativity: a+(b+c)=(a+b)+ec, a(bc)=(ab)c
5—Absortionlaw: a+ab=a, a-(a+b)=a

6 - (nameless): a+ab=a+b, a-(a+b) =ab

7 - de Morgan law: (a +b) =ab, ab=a+b

8 —generalized de Morgan law: (a,+a,+...+a ) =a,a, ...a

n?

a,d,

a,=a; ta, ... +a,
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Boolean functions and truth tables

Any Boolean function can be explicitely defined by a truth table

0o |
o
0
Q |
Q
o

f(a,b,c)=bc+ab abc
000
001
010
011
100
101
110
111

O R O R O R O K
O r OO0 O Fr O O
O O O O R R k1 Bk
O O O O »r k» O O
O m O O KB Kk O O




Boolean functions and truth tables

Given a truth table can we find an equivalent Boolean function?...

Answer is YES

LITERAL

A variable or an inverted variable : a,a,b,b,c,c, ...

n-variable MINTERM

A product of n literals such that each variable appears only once. Example: if n=3, there
are eight minterms.

abc,abc,ab.c,abc,abec,abc,ab.c,ab.c
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Boolean functions and truth tables

Given a MINTERM m, there is one, an only one, set of variable values such that m = 1.

With n = 3;

a b ¢
ihi=l o o o0 o —m—abs
abc=1 & 0 0 1 m, =ab.c
abc=l & 0 1 0 _ym-abc
abc=1 & 0 1 1 —Sm=abc
abc=l & 1 0 0 m, = ab.c
abc=1 < 1 0 1 _ ms = ab.c
abc=1 & 1 1 0 s, —gbec
abc=1 < 1 1 1 m=abc



From Truth Table to Boolean Function

MINTERMS of an n-variable Boolean function f?

= minterms that correspond to the 1s of f.

=

o
=
D
=
2

R ik kiR, O O oo
kR, lOlO0O kR, R i OO|>

R Ol RriO!FRr Ok, O

o rlolo i)k, o
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From Truth Table to Boolean Function

Canonical sum of products representation of an n-variable Boolean function.

Any Boolean function can be represented by a b ¢ | flabc)
the sum of its minterm. o o0 o 0
0 0 1 0
s m,=ab.c
f(a,b,c)=2(m,,m,,m,) c 10 . > =7
_ _ _ _ o 1 1 1 — m, =a.b.c
f(a,b,c)=abc+abc+ab.c
1 0 0 0
1 0 1 0
1 1 0 1 — mg = ab.c
1 1 1 0
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From Truth Table to Boolean Function

if ((a=1 and b=1 and ¢=0) or (a=0 and b=1)) then f=1;

end if;

else f=0;

o
w- }

) o—©

)

™

fla,b,c)

= = == o O o O

= = O 9 = = O O]9
= o =2 o = O = O
o = O O = o= O

—1

|§Iﬂ Tc‘-‘ el

f(a,b,c)= abc+abc+abc=

=ab(c+c)+bc(a+a)=ab+bec

f(a,b,c)=2X(my,my,mg)

f(a,b,c)=ab.c+ab.c+ab.c

19



Example: 4 bit-adder

XoXo XX  YaYiY:Yo

L
| |

carryoyr 4-bit adder «— Carryy _
i l l l carryour 4—‘1-blt adder — Carry;y
Z3Z,21Z, l
& h I & & 4 % I

SR T U SRR TN S R

carryy,y 4— 1-bitadder e 1-bit adder g 1-bit adder (g 1-bit adder \q— carry

' . v v

Z‘ ‘?3 7I 4
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Example: 4 bit-adder

X y

b

f_'f”'f:]- '{H_']' A—_

1-bit adder le— carry,,

0 A
x v | e :z _
o 0 o] o o
o 0o 1| o0 1 v \l/
o 1 ol o 1 0
o 1 1|1 o ({l"-l)(‘f e
1 0 o] o0 1 b e
1 o 1|1 o Ueh ~1L (l('. + ‘13
1 1 o]l 1 o a
1 1 1|1 1
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Example: 4 bit-adder

BEE
¥y

Co=Y.Ci+x.C;+x.y

Zz=X.y.cit+x.y.c;i+x.y.¢c; + x.y.¢

;

Circuit generation from a functional description:

X ¥ X ¥ X ] X ¥
USSR SN ST SN ST SN |
carryp, r +— 1-bit adder e 1-bit adder 1-bit adder [g—{ 1-bit adder (e cqpry,,
' ' v .
Zj Z: ZI ZJ

JO

;

v?wv

(functional description — truth table — Boolean function(s) — circuit)
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NAND — NOR Gates

a —
p | P— NAND(a, b)

N }—Dw NAND(a, b)

a a
) D NOR(a,b) = :D&I>w NOR(a, b)

ab | NAND(a,b) | NOR(a,b)
00 1 1
01 1 0
10 1 0
11 0 0

Algebraic symbols:
NAND(a, b) =a T b,
NOR(a, b) =a 1 b.
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NAND — NOR Gates

NAND and NOR gates are universal modules. For example, with NAND gates:

E: b—|>tF a-b z: )—U'b
I
f S q
b-a-b-ath = b:Da+b
>

r
Y
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NAND — NOR Gates

3-input, 4-input, --- NAND and NOR gates can be defined:

NAND(a, b, )

b —
. b— NAND(a, b, ¢, d)

\J

NOR(a, b, c)

D NOR(a, b, ¢, d)

O n o Q

NAND(a, b, c)=0iffa= b=c=1

NAND(a, b, c, d)=0iffa= b=c=d=1

NOR(a, b, ¢) = 0iff (a=1) OR (b=1) OR (c = 1)

NOR(a, b, ¢, d) = 0iff (a=1) OR (b=1) OR (c=1) OR (d = 1)
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NAND — NOR Gates

BUT NAND and NOR are not associative operations. In particular:

a—c
b —
C—

b— NAND(a, b, ¢c) 7#

NAND(1, 1, 1) =0

a_

b —

D

b— NAND(NAND(a, b), c)

NAND(NAND(1, 1), 1) = NAND(O, 1) = 1

a
E@ NOR(a, b, ¢) o, DD NOR(NOR(a, b), ¢)
C

NOR(0, 0, 0) = 1

NOR(NOR(O, 0), 0) = NOR (1,0) =0
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Why NAND (or NOR) Gates?

Why do we use NAND gates ( or NOR gates) instead of AND and OR gates?

If we use “of the shelf” components (laboratory) we only need one type of gate.
= In CMOS technology

a a—
- an AND gate is implemented with a NAND and an INV, b __| JC |>F a-b
- an OR gate is implemented with a NOR and an INV. Z DDCHU +b

=> Within an IC (Integrated Circuit) NAND and NOR are “cheaper” than AND and OR.
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XOR — XNOR Gates

g jD XOR(a, b)

a
bD XNOR(a, b)

ab | XOR(a,b) | XNOR(a,b)
00 0 1
01 1 0
10 1 0
11 0 1

XOR (= eXclusive OR): XOR(a, b)=1ifa# b;

XNOR (= eXclusive NOR): XNOR(a, b) =1ifa=b.

Algebraic symbols:
XOR(a, b) =a @ b,
(XNOR(a, b) =a=b)
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XOR — XNOR Gates

Equivalent definition:
XOR(a, b)=(a+b)mod2=a@ b,
XNOR(a, b) = INV(a @ b).
=> 3-input, 4-input, --- XOR and XNOR gates can be defined:
XOR(a, b, c)=(a+b+c)mod2=a®@ b ®c, XNOR(a, b, c) =INV(a @ b D c),
XOR(a,b,c,d)=(a+b+c+d)mod2=a@b@c®d, XNOR(a, b, c,d)=INV(a@ b @ c D d),

XOR is an associative operation =>
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XOR — XNOR Gates

= XOR y NXOR are not universal modules,

=  useful functions.

First example: magnitud comparator. Given two 4-input vectors a = a;a,a,a, and b=b; b, b, b,

generate comp = 1iffa = b.

Algorithm

if (a;# bs) or (a,# b,) or (a,# b,) or (a,# b,)
then comp <= 0;

else comp <= 1;

end if;

dj
D3

do
b,

a1
b4

dp
b

D comp

(Y
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AND

OR

INV

NAND

NOR

XOR

XNOR

Summary
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