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Course Objectives 

This course aims to provide students with a comprehensive understanding of the principles and 

techniques involved in the analysis, modeling, filtering, and prediction of dynamic systems, 

enabling them to make informed decisions in the field of system identification.. 

 

Course Content 

Dynamic Systems, Convolution, ZOH, Unit Pulse Response, Random Numbers, Variables, and 

Processes. Correlation and Covariance, Continuous-Discrete Time LTI Systems, Frequency 

Domain and Relationship Between Fourier Transforms, Approximation of Autocorrelation 

and Periodogram, The Prediction Process and Transfer-Function Identification, Q-Domain 

Properties, Four Major Models, and One-step Prediction, Principal Component Analysis, State-

Space Representation: Noiseless Data, Linear Least-Squares Regression and the Bayes 

Theorem, Kalman Filter 

Course Learning Outcomes 

1. Students understand the basic principles of system identification and learn its importance. 

2. Students learn the basic tools, techniques and principles of system identification. 

3. Students learn the applications of system estimation. 

4. Students process digital signals with computer-based tools. 

5. Students learn stochastic analysis. 

 

Program Outcomes (PO) Relevant to the Course 

4. PO-2.1) Ability to define, formulate and solve complex engineering problems. 

5. PO-2.2) Ability to choose and apply appropriate analysis and modeling methods for this 

purpose. 

6. PO-3.1) Ability to design a complex system, process, device or product to meet specific 

requirements under realistic constraints and conditions. 

7. PO-3.2) An ability to apply modern design methods for this purpose. 

8. PO-4.1) Ability to develop, select and use modern techniques and tools necessary for the 

analysis and solution of complex problems encountered in engineering applications. 

12. PO-5.3) Ability to collect data to examine complex engineering problems or discipline-

specific research topics 

 

Course Learning Outcomes & Program Outcomes Matrix 

 

CLO 1 2 3 4 5 

 

PO-4 3 5 3 4 5 

PO-5 3 3 5 5 5 

PO-6 3 3 5 5 5 

PO-7 3 3 3 5 5 

PO-8 3 3 5 5 5 

PO-12 3 3 5 5 5 

 

 

  



Welcome to Class everyone. 

Before starting this semester, it may be wise to be advised about the course organization so as 
to maximize your classroom performance and get the most fun out of the experience.  

To begin, please follow the steps below. 

1. Go to http://avesis.yildiz.edu.tr/kamuran/  

2. Click on My Shares (Duyuru ve Dokümanlar) 

3. Find the file “Rules and Guidelines” 

a. Download & save and print it  
b. Read, understand, and even memorize its contents. 
c. Pay particular attention to Homework Policy and Grading Policy 

4. On the same page, find the file “YourCourseCode_Syllabus_Semester_Year_#”.  

a. The file will be updated on a weekly basis.  
b. Make sure you read the assignment(s) BEFORE coming to each class, STARTING 

THIS WEEK! 
c. Download and save any Textbook(s) that is (are) posted. 

5. It is highly recommended that you 

a. Read the assigned chapter  
b. Solve the example and homework problems 
c. Prepare your questions for me 

BEFORE COMING TO CLASS. 

6.  There will be a quiz assignment every week. 

I am looking forward to an educational and productive semester. 

Good luck to all.  

KAK  

  

http://avesis.yildiz.edu.tr/kamuran/


HOMEWORK and GRADING POLICY 

 

1. There will be a quiz every week, except the first week, the weeks before the exams, and the holiday 

weeks (if any) for a maximum total of 11 HWs.  

2. Overall quiz grade counts for 35% of final grade.  

3. You can follow up weekly grades from BME33310_GRADES, check out the solution sheet from 

the updated syllabus, and see the highest and lowest scoring submissions when the link on 

the relevant week becomes active. 

4. Midterm and Final exam grades count for 25% and 40% of the final grade, respectively. 
 

Overall Homework Grade %35 
Midterm %25 

Final %40 
  

https://www.dropbox.com/scl/fi/7mf54tpueoqbn72logtxx/BME3310-Grade-Sheet.xlsx?rlkey=j6pij91rjkf021h3xor2zvh4t&dl=0
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I        
I. WELCOME TO CLASS  

1. Homework, Grading Policies, General Principles 
2. Class Rules Classroom Rules 

 
II. Identification Types 

1. Prediction (of Output) 
2. Deconvolution (Diagnosis of Input) 
3. System Identification (of Transfer Function) 

 
III. Random Numbers (Scalars)Vectors 

 
Text2 
Class Notes Ch 1_4: Statistical Concepts Recap 
Class Notes Ch 1_5: Statistical Examples 
 
 

𝑽𝒂𝒓𝒊𝒂𝒃𝒍𝒆  𝑿⃗⃗ =

[
 
 
 
 
 
𝑋1

𝑋2

𝑋3

.

.
𝑋𝑛]

 
 
 
 
 

             𝑽𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝒗𝒂𝒍𝒖𝒆𝒔     𝒙⃗⃗ =

[
 
 
 
 
 
𝑥1

𝑥2

𝑥3

.

.
𝑥𝑛]

 
 
 
 
 

 

1. Covariance  
 

𝐂𝐰𝐱[𝑘,𝑚] ≡ 𝔼{(𝐰[𝑘] − 𝐰̅[𝑘])(𝐱[𝑘 − 𝑚] − 𝐱̅[𝑘 − 𝑚])𝑻} 

𝐂𝐰𝐱[𝑘,𝑚] ≠ 𝐂𝐱𝐰[𝑘,𝑚] 
 

2. Covariance Matrix 
 

[∑  
𝑿⃗⃗ ̃

]=𝔼 [( 𝑿⃗⃗ − 𝒙⃗⃗̅ )( 𝑿⃗⃗ − 𝒙⃗⃗̅ )
𝑻
] 

 ∑  𝑿̃ 𝒊𝒋
= (∑  𝑿̃ )𝒊𝒋 = 𝝆𝒊𝒋𝝈𝒙𝒊𝝈𝒙𝒋 

 

3. Correlation 
 

𝑹𝒙𝒙 = 𝔼[ 𝑿⃗⃗ 𝑻𝑿⃗⃗ ] 

 
𝐑𝒘𝒙[k, m] ≡  𝔼{𝒙𝑻[k]𝒘[𝑘 − 𝑚] } ≠ 𝐑𝒙𝒘[k,m] 

 

4. From Covariance to Correlation Coefficient 
 

𝑹𝑥𝑦[k,m] =
𝑪𝑥𝑦[k,m]

√𝜎𝒙
2𝜎𝒚

2

 

 
5. Expectation Operator 
6. Power Spectrum 

 
  

https://www.dropbox.com/s/tijaygg626ssuxe/Rules%20and%20Guidelines.pdf?dl=0
https://www.dropbox.com/s/07rn30iipjmc5ap/02_Unit-Pulse-Response%20Identification.pdf?dl=0
https://www.dropbox.com/s/4y5w83ofats499w/System%20Identification_Class%20Notes_Chapter%201_4_Statistical%20Concepts_Recap.docx?dl=0
https://www.dropbox.com/s/fn6t92b3froei8i/System%20Identification_Class%20Notes_Chapter%201_5_Examples_Problems_Solutions.docx?dl=0


IV. Convolution 
1. LTI Systems 

Class Notes Ch 1_3: LTI Systems Recap 
a. Linear System: Superposable and Scalable 

b. Time-invariant System 

2. Delta-combing a Function/System 

3. Continuous-time Convolution 
Class Notes_Ch1_2: Discrete Time Recap (Section II) 
 

IV. Study Discrete-time Convolution 
Follow solution of Class Notes_Ch1_2: Discrete Time Recap (Section XI) 
𝑦[𝑛] = 𝑢[𝑛] + 2𝑦[𝑛 − 1] − 3𝑦[𝑛 − 2] 
𝑢[𝑛] = [0 1 1 − 1] 
 
 

V. Time Domain Identification 
 Class Notes Ch 5: Impulse Response Identification (Section 5) 
1. Zero-Order Hold (ZOH) 

2. Unit Pulse Response 

𝑦(𝑘𝑇𝑠) = ∫ 𝒈(𝜏)𝛿(𝑘𝑇𝑠 − 𝜏) 𝑑𝜏

∞

𝜏=0

 

• The value of g(t) for the entire unit pulse is equal to g(𝑘𝑇𝑠) 

𝒈𝑇𝑠
[𝑘] = ∫ 𝒈(𝜏) 𝑑𝜏

𝑘𝑇𝑠

𝜏=(𝑘−1)𝑇𝑠

 

• The unit pulse remains constant inside  

the interval 𝑘𝑇𝑠 ≤ 𝑡 < (𝑘 + 1)𝑇𝑠 

 

∫ 𝛿(𝑘𝑇𝑠 − 𝜏) 𝑑𝜏

(𝑘+1)𝑇𝑠

𝜏=𝑘𝑇𝑠

= ∑  𝛿[𝑘 − 𝑛] = 𝑢[𝑘] 

∞

𝑛=1

 

• Combining the two expressions 

𝑦(𝑘𝑇𝑠) = ∑ 𝒈𝑇𝑠
[𝑛]𝛿[𝑘 − 𝑛] 

∞

𝑛=1

 

 

V. Systems with Noise 
 

Unit-Pulse-Response (UPR) Identification   
Read:  Text2 
a. The importance of UPR  

Listening Assignment: Movie2.2 (19:59) 
b. Direct approach to finding UPR  

Listening Assignment: Movie2.3 (25:26) 
  

https://www.dropbox.com/s/o8qaiyq4hjtm5zr/System%20Identification_Class%20Notes_Chapter%201_3_Linearity%20and%20Time-Invariance_Recap.docx?dl=0
https://www.dropbox.com/scl/fi/l6ahwofyt98fkmdwozjr8/Chapter-1_2_Discrete-Signals-Re-cap_System-Identification_Class-Notes_.docx?rlkey=nlwxijv9ht658dgdhid2fc5hd&dl=0
https://www.dropbox.com/scl/fi/l6ahwofyt98fkmdwozjr8/Chapter-1_2_Discrete-Signals-Re-cap_System-Identification_Class-Notes_.docx?rlkey=nlwxijv9ht658dgdhid2fc5hd&dl=0
https://www.dropbox.com/s/j0o3xbubesvakfe/System%20Identification_Class%20Notes_Chapter%205_Impulse%20Response%20Identification.docx?dl=0
https://www.dropbox.com/s/07rn30iipjmc5ap/02_Unit-Pulse-Response%20Identification.pdf?dl=0
https://www.dropbox.com/s/gcz0dui5pbb4nd3/ECE5560%20Topic%202.2.mov?dl=0
https://www.dropbox.com/s/bx377nwkeirlu5y/ECE5560%20Topic%202.3.mov?dl=0


V. CLASS OUTLINE for upcoming WEEKS 
 
1. Time Domain Identification 
2. Frequency Domain Identification 
3. Transfer Function Identification 
4. State-Space Identification 
5. Kalman Filtering 
 

VI. HOMEWORK 1 

Study well the course prerequisites below for the upcoming quiz: 

1. BASIC CONCEPTS RECAP 
Chapter 1: Concepts 
Chapter 2: Mathematical and Physical Concepts 
Chapters 3 and 4: First Order Systems- Analogies, Examples 

a. Linear Algebra 
a. Matrix: Geometric Meaning 
b. Matrix Operation on Vector 
c. Eigenvalues and Eigenvectors 

b. Dynamic Systems  
a. System Behavior/Response/Output 
b. Transfer Function (Input- -Output)  
c. Differential Equations and Solutions  
d. Block Diagrams 

i. Time Domain 
ii. Laplace Domain 

e. Mathematical Representation of Physical Systems 
 

2. SYSTEM INPUT TYPES 

a. Delta Dirac 

b. Unit Step 

c. Complex Exponentials (Sinusoidals) 

 

3. SIGNALS and SYSTEMS (Watch Dennis Freeman Lectures) 

a. Signal and System Equivalence 

b. Complex Exponentials as LTI System Eigenvectors 

c. Complex Phasors as System Eigenvalues 

d. Bode Plot  

 

4. To learn about Covariance and Correlation at a very basic level, follow 

the hyperlinks (quite silly but illustrative website for 2 short movies of 

about 20 min long, each) 
 

5. System Definitions Recap 
Class Notes_Ch1_2: Discrete Time Recap (Section I) 

 
  

https://www.dropbox.com/s/n55jp4hr3st574i/Class%20Notes_Chapter%201%20General%20Engineering%20Concepts.docx?dl=0
https://www.dropbox.com/s/knu0lo3j3m557md/Class%20Notes_Chapter%202%20Mathematical%20and%20Physical%20Concepts.docx?dl=0
https://www.dropbox.com/s/lhhkv27xvxf47uk/Class%20Notes_Chapter%203%20and%204_First%20Order%20Systems_Examples_Exercises.docx?dl=0
https://www.youtube.com/watch?v=qtaqvPAeEJY&ab_channel=StatQuestwithJoshStarmer
https://www.youtube.com/watch?v=xZ_z8KWkhXE&ab_channel=StatQuestwithJoshStarmer
https://www.dropbox.com/scl/fi/l6ahwofyt98fkmdwozjr8/Chapter-1_2_Discrete-Signals-Re-cap_System-Identification_Class-Notes_.docx?rlkey=nlwxijv9ht658dgdhid2fc5hd&dl=0
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  II   Random Processes 
 

1. Time/Ensemble Average  
2. Stationary Processes 

a. Wide-Sense Stationary 
 
𝔼{𝑥̅ } = 𝟎     → 𝑹𝑥𝑦[k,m] = 𝑪𝑥𝑦[k,m] 

𝑹𝑥𝑦[k,m] = 𝑹𝑥𝑦[ m] = 𝔼{𝐱[𝑘]𝑻𝐲[𝑘 − 𝑚] } 

 
b. Strict-Sense Stationary (Ergodic) 

 
3. Autocorrelation Properties for WSS 

 

𝐑𝐮𝐮[ 𝜏 =  0]= 𝔼{𝐮𝑻𝐮 } = {
var(𝐮) = 𝜎𝒖

2     for a scalar RV
[∑ .𝒀 ] = [∑ .𝒀̃ ]  for a vector RV

}  

 

 

 
  



WK HR SUBJECT          

III  
I. RECAP: Stochastic Processes 

 

1. Process, Variable, Number 
2. Single Realization vs Ensemble 
3. Time- vs. Ensemble Averages 
4. Ergodicity 

 

II. DESIGNING A NOISE FILTER, H  

1. Recap from Signals and Systems: Discrete Time System Description 

 

a. Difference Equation 
y[𝑛] = 𝑥[𝑛] +𝑝0𝑦[𝑛 − 1] 
 

b. Polynomial in R 
 

𝑌

𝑋
= 𝐻(𝑅) =

1

1 − 𝑝0𝑅
 

d. Infinite Sum (synthetic division of H) 
 

𝐻(𝑅) = 1 + 𝑝0𝑅 + 𝑝
0
2𝑅2 + 𝑝

0
3𝑅3 + 𝑝

0
4𝑅4 + ⋯+ 𝑝

0
𝑛𝑅𝑛 

 

2. Designing the Filter Coefficients 

See link for details. Study examples well 

 

𝑪𝑣[𝑘,𝑚] =  𝔼{𝒗[𝑘]𝒗[𝑘 − 𝑚]} 

𝑹𝑣[𝑚] = 𝜎2 ∑ 𝒉[𝑛]𝒉[𝑛 − 𝑚] 

∞

𝑛=0

 

 

In summary,, by designing the coefficients of the filter h[k],  

we can shape the auto-covariance of v[k]. 

 

III. IDENTIFYING A SYSTEM USING CORRELATIONS (See link for details) 
 

• If 𝑢𝑘 is selected as White Noise 

𝑹𝒖[𝜏] = 𝜎𝑢
2𝛿[𝜏] = 𝜎𝒖2    {𝜎𝑢

2      𝜏 = 0
0        𝜏 ≠ 0

                 

• 𝐴𝑛𝑑 𝑖𝑓 𝑹𝒚𝒖[𝜏]  can be computed  precisely,   

𝐑𝒚𝒖[𝜏] = ∑ 𝒈𝟎[𝑚]𝐑𝒖[𝑚 − 𝜏]

∞

𝑚=1

 

 
  

https://www.dropbox.com/scl/fi/vz2ru865bxx705i2chh7t/Lecture-Detail_1.-Discrete-Time-Systems.docx?rlkey=b1ghrq15qh4xxfe6dxvd93027&dl=0
https://www.dropbox.com/scl/fi/8vzva9x5w5m1vy1a1ei6o/Lecture-Detail_2.SID-using-Correlations.docx?rlkey=vjh0uzcilcub0nc05oflt2eic&dl=0
https://www.dropbox.com/scl/fi/f2vs15nt3cjkqv28gh66e/LECTURE-V_Details.docx?rlkey=925g605rntx3byvqdwu1cmibr&dl=0


1. Identifying a System using Correlations 
 

𝒈𝟎[τ] =
𝐑𝒚𝒖[𝜏]

𝜎𝒖
2

 

 

2. Calculating 𝐑𝒖𝒚[𝜏], the cross-correlation of input and output (Both WSS) 

 
𝑹𝒖𝒚[𝜏] = 𝒉[−𝜏] ∗ 𝑹𝒖𝒖[𝜏] 

 

3. Calculating 𝑹𝒚𝒚[𝜏] the auto-correlation of output  

 
𝑹𝒚𝒚[𝜏] = 𝒈[𝜏] ∗ 𝑹𝒖𝒚[𝜏]  

 

4. Combining it all  
 

𝑹𝒚𝒚[𝜏] = 𝒈[𝜏] ∗ 𝒈[−𝜏] ∗ 𝑹𝒖𝒖[𝜏] 

 

We will use this important relationship when we move on to the Frequency 

Domain Identification topic.  

 

 
IV. APPROXIMATIONS on the AUTOCORRELATION (See link for details) 
 

 

Also, this formula requires Ensemble Averaging infinite number of 

simultaneous experiments (𝑚 = 1 → ∞). Therefore, we must use 

estimates from the average of a limited number of experiments  

 

𝑹̂𝑢
𝑁[𝜏] =

1

𝑁
∑ 𝒖[𝑘] 𝒖[𝑘 − 𝜏]

𝑁−1

𝑘=0

 

 

𝑹̂𝑦𝑢
𝑁 [𝜏] =

1

𝑁
∑ 𝒚[𝑘] 𝒖[𝑘 − 𝜏]

𝑁−1

𝑘=0

 

𝒈𝟎[𝑚]⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ≅ [𝑹̂𝑢
𝑁[𝑚 − 𝜏]]

−1

 𝑹̂𝑦𝑢
𝑁 [𝜏]⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

 

 
The Fourier Transforms of 𝑅𝑥𝑥[𝜏] and  𝑅𝑦𝑦[𝜏] become their respective Power 

Spectra. The Fourier Transform of {𝒉[𝜏] ∗ 𝒉[−𝜏]} becomes the DTFT of the 

system. 
 

V. EXAMPLES (See link for details) 
 

1. Noise Filter 1 
2. Noise Filter 2 (Matlab) 
3. Noise Filter 3 (Ljung) 

  

https://www.dropbox.com/scl/fi/1d33o72epkfb82ddt7r19/Lecture-Detail_2.SID-using-Correlations_2.docx?rlkey=8jdxcv3ko6ko4pxodkn7ecvwu&dl=0
https://www.dropbox.com/scl/fi/f2vs15nt3cjkqv28gh66e/LECTURE-V_Details.docx?rlkey=925g605rntx3byvqdwu1cmibr&dl=0
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  IV    
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V   INTRODUCTION to FREQUENCY DOMAIN    

 

I. OPERATORS and FILTERS 
 

1. Forward-shift Operator 
 

𝒒−𝟏{𝒖[𝑘]} = 𝒖[𝑘 − 1] 
2. Filters 

 
a. System Filter 

𝒚[𝑘] =  (∑ 𝒈𝟎[𝑚]𝒒−𝒎

∞

𝑚=1

)𝒖[𝑘] 

𝑮(𝑞) = ∑ 𝒈𝟎[𝑚]𝒒−𝒎

∞

𝑚=1

 

b. Noise Filter 

𝒗[𝑘] = (∑ 𝒉[𝑚]𝒒−𝒎

∞

𝑚=1

)  𝒆[𝑘] 

 

𝑯(𝑞) = ∑ 𝒉[𝑚]𝒒−𝒎

∞

𝑚=1

 

 
c. System Output with Filters 

𝒚[𝑘] =  ∑ 𝒈𝟎[𝑚]𝒖[𝑘 − 𝑚]

∞

𝑚=1

+ ∑ 𝒉[𝑚]𝒆[𝑘 − 𝑚]

∞

𝑚=0

 

 

𝒚[𝑘] =  𝑮(𝑞) 𝒖[𝑘] + 𝑯(𝑞) 𝒆[𝑘] 

 

 

  



II. FOURIER ANALYSIS 

 
1. Fourier Series and Transforms (Click on links and study examples well) 

 

  Periodic in Time 

Discrete in Frequency 

Aperiodic in Time 

Continuous in Frequency 
    

Continuous in Time 

Aperiodic in Frequency 

 Continuous Time Fourier Series (FS) Continuous Time Fourier Transform (FT) 

A
n

al
y

si
s 

E
q

u
at

io
n

 

𝑎𝑘 =
1

𝑇
∫𝑥(𝑡)𝑒−𝑗

2𝜋
𝑇

𝑘𝑡

𝑇

0

𝑑𝑡 

𝜔 =
2𝜋(𝑟𝑎𝑑)

𝑇(𝑠𝑒𝑐)
𝑘 

𝑋(𝑗𝜔) = ∫ 𝑥(𝑡)𝑒−𝑗𝜔𝑡

∞

−∞

𝑑𝑡 

𝜔 = 𝜔 (
𝑟𝑎𝑑

𝑠𝑒𝑐
 ) 

Sy
n

th
es

is
 E

q
u

at
io

n
 

𝑥(𝑡) = 𝑥(𝑡 + 𝑇) = ∑ 𝑎𝑘𝑒
𝑗
2𝜋
𝑇

𝑘𝑡

∞

𝑘=−∞

 𝑥(𝑡) =
1

2𝜋
∫ 𝑋(𝑗𝜔)𝑒𝑗𝜔𝑡

∞

−∞

𝑑𝜔 

    

Discrete in Time 

Periodic in Frequency 

 Discrete Time Fourier Series (DFT) Discrete Time Fourier Transform (DTFT) 

A
n

al
y

si
s 

E
q

u
at

io
n

 

𝑎𝑘 = 𝑎𝑘+𝑁 = ∑ 𝑥[𝑘]𝑒−𝑗(
2π
N

𝑘)n

𝑁

𝑛=1

 

 

𝜔 =
2𝜋(𝑟𝑎𝑑)

𝑁(𝑠𝑒𝑐)
𝑘 

 

𝑋[𝑒𝑗(𝛺+2𝜋)] = 𝑋(𝑒𝑗𝛺) = ∑ 𝑥[𝑘]𝑒−𝑗𝛺𝑘

∞

𝑘=−∞

 

 

𝜔 =
𝛺(𝑟𝑎𝑑)

𝑇𝑠(𝑠𝑒𝑐)
 

Sy
n

th
es

is
 E

q
u

at
io

n
 

𝑥[𝑘] = 𝑥[𝑘 + 𝑁] =
1

𝑁
∑ 𝑎𝑘𝑒

𝑗(
2𝜋
𝑁

𝑘)𝑛

𝑁−1

𝑛=0

 𝑥[𝑘] =
1

2𝜋
∫ 𝑋(𝑒𝑗𝛺)𝑒𝑗𝛺𝑘

𝜋

−𝜋

𝑑𝛺 

 

2. Define System Filter as DTFT  

(DTFT: Discrete Time Fourier Transform of g[m])  

(Requires collection of infinite data points) 

𝑮(𝑒𝑗𝜔) = ∑ 𝒈[𝑚]𝑒−𝑗𝜔𝑚

∞

𝑚=1

 

 

 

  

https://www.dropbox.com/scl/fi/zvquvqo6nw3i060po7wkq/Fourier-Analysis_CTFS.docx?rlkey=jf2d78say83vvhbadojiqvxkt&dl=0
https://www.dropbox.com/scl/fi/wi4ftbds3dodd3qgsl8yi/Fourier-Analysis_CTFT.docx?rlkey=n6x42d0o8i765sk6jhanb1z6s&dl=0
https://www.dropbox.com/scl/fi/ajciobd2gpvnxzbkibox5/Fourier-Analysis_DFT.docx?rlkey=0hw00o68dbkyjua99vwpb2v63&dl=0
https://www.dropbox.com/scl/fi/tb127toqai8apr1x65czj/Fourier-Analysis_DTFT.docx?rlkey=0shbws20u76m2fyq4f93mbn7d&dl=0
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  VI  FOURIER ANALYSIS (Summary) 

   Focus on DTFS (DFT and FFT) Twiddle Factors 

    

FILTERS, ETFT and PERIODOGRAMS (For details, click here) 

 

Sinusoidal Input without Measurement Noise 

 
𝒖[𝑘] = cos𝜔𝑘 

𝒚[𝑘] =  ∑ 𝒈[𝑚]𝒖[𝑘 − 𝑚]

∞

𝑚=1

 

𝒚[𝑘] =  ℝe {𝑒𝑗𝜔𝑘 ∑ 𝒈[𝑚][𝑒−𝑗𝜔𝑚]

∞

𝑚=1

} 

 

𝒚[𝑘] =  |𝑮(𝑒𝑗𝜔)| cos(𝜔𝑘 + 𝜑) 

 

Empirical Transfer Function Estimates (ETFE) 

  Based on DFT (estimate of DTFT) of Input and Output 
 
 

 

𝑼𝑁(𝜔) =
1

√𝑵
∑ 𝒖[𝑘]𝑒−𝑗𝜔𝑘

𝑁

𝑘=1

 

 

𝑼𝑁[n] =
1

√𝑵
∑ 𝒖[𝑘]𝑒−𝑗

2π𝑘
N

n

𝑁

𝑛=1

 

 
 

𝑮̂(𝑒𝑗𝜔) =  
𝒀(𝑒𝑗𝜔)

𝑼(𝑒𝑗𝜔)
 

 

𝑮̂(𝑒𝑗𝜔) =
1

√𝑵
∑ 𝒚[𝑚]𝑒−𝑗𝜔𝑚

𝑁

𝑚=1

/ 
1

√𝑵
∑ 𝒖[𝑚]𝑒−𝑗𝜔𝑚

𝑁

𝑚=1

  

 

𝑮̂(𝑒𝑗𝜔) = ∑ 𝒚[𝑚]𝑒−𝑗𝜔𝑚

𝑁

𝑚=1

/ ∑ 𝒖[𝑚]𝑒−𝑗𝜔𝑚

𝑁

𝑚=1

   

 

 

https://www.dropbox.com/scl/fi/zh7822mh67o5eigfowxni/Fourier-Series-and-Transforms.docx?rlkey=afty380epk5lyzip01pazsipj&dl=0
https://www.dropbox.com/scl/fi/5mc72ca92xxuxnlb7eztz/DFT-DTFT-TWIDDLE-EXAMPLES.docx?rlkey=yvd5romwarr3ozw6l89ejboq0&dl=0
https://www.dropbox.com/scl/fi/fhgsm2youe9kxi2r6z713/Lecture-VI_Details_ETFE_Periodograms.docx?rlkey=7q5tksj4sa0zfcil02w4gjnn7&dl=0


 
 
Properties of ETFE 

 

• ETFE is an asymptotically unbiased estimate 
 

• The variance of ETFE decreases as N increases,  
but the SNR has a lower-bound 

 
• Estimates of ETFE at neighboring frequencies are not correlated  

(they are asymptotically uncorrelated) 
 

II. Periodogram of  𝒖[𝒌] 

(Squared Magnitude of the DFT of a Signal) 

 

|𝑼𝑁(𝜔)|2 = |
1

√𝑵
∑ 𝒖[𝑘]𝑒−𝑗𝜔𝑘

𝑁

𝑘=1

|

2

 

 
 

a. Definition 2: Quasi-Stationary Autocorrelation Function 
 

𝑹𝒔{𝜏} = lim
𝑁→∞

1

𝑁
∑ 𝑹𝒔{𝑘, 𝑘 − 𝜏}

𝑁

𝑘=1

     ∀𝒕 

 

𝔼{𝒖[𝑘]𝒖[𝑘 − 𝜏]} = 𝑹𝒖{𝑘, 𝑘 − 𝜏} 

 

𝑹𝒖{𝜏} = lim
𝑁→∞

1

𝑁
∑ 𝔼{𝒖[𝑚]𝒖𝑻[𝑚 − 𝜏]}

𝑁

𝑚=1

 

 

b. Power Spectrum of Quasi-Stationary Signals 
 

𝑹𝒖[0] =
1

2𝜋
∫ 𝚽𝒖(𝜔)𝑑𝜔 =

𝜋

−𝜋

𝔼̅{𝒖𝟐[𝑘]} 

 

𝚽𝒖𝒘(𝜔) = ∑ 𝑹𝒖𝒘[𝜏]

∞

𝜏=−∞

𝑒−𝑗𝜔𝜏 

 

c. Problems with Periodogram-Spectrum Relationship 
 



   Φ𝑦(𝜔) = ∑ 𝐑𝐲[𝜏]𝑒
−𝑗𝜔𝑡

∞

𝜏=−∞

 

For WSS White input: 

𝚽𝒚(𝜔) = |𝑮(𝑒𝑗𝜔)|
𝟐
𝜎2 

 

|𝒀𝑁(𝜔)|2 = |
1

√𝑵
∑ 𝒚[𝑘]𝑒−𝑗𝜔𝑘

𝑁

𝑘=1

|

2

 

 
 

d. Smoothed Periodograms 

Periodogram is an asymptotically unbiased estimator of the Spectrum. 
 
Variance (scatter around mean) does not decrease as more data are 
collected. 
 
In addition, the larger the output, the larger the variance. 
 

Error estimates at all frequencies are correlated. 

 
e. Solution: Welch’s Method 

 
 

Collect large amount of data 𝒚[𝑘], 1 ≤  𝑘 ≤  𝑁 
Break the data set in 2, 4, 8, 16, … chunks, say into n segments of m data 
points, each, so that 𝑛𝑚 =  𝑁 and 

 
𝒚𝑝[𝑘] = 𝒚[𝑘 + 𝑚(𝑝 − 1)] 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑚 − 1 𝑎𝑛𝑑 1 ≤ 𝑝 ≤ 𝑛 

 
Form n Periodogram-based spectral estimates 

 

𝚽𝒎
𝒑 (𝜔) =

1

𝒎
|∑ 𝒚𝑝[𝑘]𝑒−𝑗𝜔𝑘

𝑚−1

𝑘=1

|   1 ≤ 𝑝 ≤ 𝑛 

. 
Find the estimate in each 𝚽𝒎

𝒑 (𝜔) 
 

𝒗𝒂𝒓{𝚽̂𝒎
𝑨 (𝜔)} =

1

𝑛
𝒗𝒂𝒓{𝚽̂𝒎

𝒑 (𝜔)} =
1

𝑛
𝒗𝒂𝒓{𝚽̂𝑵(𝜔)} 

so that the variance of  𝚽̂𝑵(𝜔) is down-scaled by a factor of n, since 

 
𝒗𝒂𝒓{𝚽̂𝒎

𝒑 (𝜔)} = 𝒗𝒂𝒓{𝚽̂𝑵(𝜔)} 

 



Unfortunately, as n↑, m↓ (since N is fixed), the number of frequency 
points investigated gets smaller as m gets smaller. 
The result is better estimates at fewer frequencies, which may be a problem if 
the Spectrum-Frequency plot has “narrow” peaks.  
But the method works well for long data streams (called “excess data”)  

III. FREQUENCY FILTERING 
 

The choice of window (main lobe, γ) width is much more important  
than which window to choose.  

Need a good idea of what spectrum looks like to select 𝛄 
because there will be a trade-off: 

 

Small 𝛄 ⇒ {
Large lobe    ⇒ ↓  variance ⇒  smooth 𝚽̂𝒚

averaging more data within window ⇒ peaks lost ⇒ bias 
 

 
 

Rectangular Weighing Function 
 

𝚽̂𝒚
̅̅ ̅̅ (𝜔𝒌) =

1

2𝑚 + 1
∑ 𝚽̂𝒚(𝜔𝒌−𝒋)

𝒎

𝒋=−𝒎

 

 

𝜔𝜸(𝜔) =
1

2𝑚 + 1
 

 
Blackman-Tukey Estimate 

 
Given some data, 𝑦[ 𝑘], that can be measured, 
an auto-correlation estimate can be formed 

 

𝐑̂𝒚
𝑵(𝜏) =

1

𝑁
∑ 𝒚[𝑘]𝒚[𝑘 − 𝜏]

𝑵−𝟏

𝒌=𝜏

 

 
after getting the estimate,  

its DTFT is formed 
 

Φ̂𝑦(𝜔) = ∑ R̂𝑦[ 𝜏]𝑒−𝑗𝜔𝜏

∞

𝜏=−∞

 

 

Φ̂𝐵𝑇(𝜔) = ∑ 𝜔𝜸[ 𝜏] R̂𝑦[ 𝜏]𝑒−𝑗𝜔𝜏

γ−1

𝜏=−(γ−1)

 

  



 
 

V. More Details on Periodogram, Power Spectral Density, Smoothing, Frequency-windowing 
VI. HOMEWORK: STUDY EXAMPLES in BOOK and RECREATE the CODES for ETFE and PERIODOGRAMS 

  

1. In Plett’s Book 
a. Study Section 3.6_Smoothed Periodograms. Understand the examples well. 

b. Study Section 3.7_Frequency Filtering. Understand the examples well.  

c. Study Section 3.8_Blackman-Tuckey Estimate. Understand the various windows well.  

 

2. In Section 3.9_ETFE and SPA Toolbox Commands: Study the example problem and from 

the given state-space representation,  

a. Reverse-engineer the equations and obtain the schematic of the system with 3 

masses, 2 springs and 2 dashpots.  

b. Create the model in Simulink. 

c. Write the differential equations in state-space format 

d. Understand the solution of the problem 

e. Explain the relevant commands in the code  

f. Run the code in Matlab and reproduce the plots 

 
 

  

https://www.dropbox.com/scl/fi/jjmeusrlwa3mw3ed3eyfc/Lecture-VI_Details_POWER-SPECTRAL-DENSITY-and-PERIODOGRAM_Examples.docx?rlkey=bpc4eve324iz705nchrk3rljl&dl=0
https://www.dropbox.com/scl/fo/ti8czu9g3e0ns0b11bswf/h?rlkey=ja03pi03726vhfzkwp1vch6z6&dl=0
https://www.dropbox.com/scl/fi/5q17v6j0wr7ha6pdki7mz/HW-6-SOLUTION.docx?rlkey=5s0mqxub7rbjujqfm4qzcti0h&dl=0
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VII   Details of Lecture Sections 
I. Transfer Function Identification (Text4) 

 
1. Discrete-time Transfer Function Models 

𝑦[𝑘] =  𝐺(𝑞) 𝑢[𝑘] + 𝐻(𝑞) 𝑒[𝑘] 

𝐺(𝑞) = ∑ 𝑔[𝑘]𝑞−𝑘

∞

𝑘=1

    

  𝐻(𝑞) = ∑ ℎ[𝑘]𝑞−𝑘

∞

𝑘=0

 

 

2.  Generalized Polynomial Representation of System TF 
 

𝐺(𝑞) = 𝑞−𝑛𝑘
𝑏1𝑞

−1 + ⋯+ 𝑏𝑛𝑏
𝑞−𝑛𝑏

1 + 𝑎1𝑞−1 + ⋯+ 𝑎𝑛𝑎
𝑞−𝑛𝑎

 

Total of 𝑛𝑏+ 𝑛𝑎+3 unknowns to define the TF. 

 

In mathematical notation: dim{ 𝑛𝑎, 𝑛𝑏 , 𝑛𝑘} = 3 

 

 
II. Correspondence: Discrete/Continuous-time signals 

 
 
1. Damped Sinusoid: Discrete-time 

 
2. Damped Sinusoid: Continuous-time  

 
 

III. Analogy between continuous and discrete time-frames 
 

1. Discretization of a Continuous Signal (N) 
2. Effect of Sampling Rate on the Discrete Signal 

a. Magnitude  
b. Phase Angle (Argument) 
c. Pole Location 

 
IV. Lines of Constant N in the q-Plot 
V. Some q-Domain Pole Locations 

VI. q- vs. s-Domain corresponding pole locations 
VII. q-Plane Constant Loci Equivalence of Time-Domain Performance Parameters 

𝜁,  𝜔𝑛, 𝜔𝑑, 𝑎𝑛𝑑 𝜎. = 𝒇(𝒓, 𝜃) 
 

𝝎𝒏 =
√𝜽𝟐 + 𝐥𝐧𝟐(𝒓)

𝑻𝒔
, 𝝎𝒅 =

𝟏

𝑻𝒔
𝜽, 𝝈 =

𝟏

𝑻𝒔
𝐥𝐧 [𝒓], 𝜻 = −

𝐥𝐧 [𝒓]

√𝜽𝟐 + 𝐥𝐧𝟐(𝒓)
 

  

https://www.dropbox.com/scl/fi/x0bllpyxbpmv2ju3fkgeh/LECTURE-7_Details_q-Domain.docx?rlkey=ad22b2e5oohhax7z728npg9bw&dl=0
https://www.dropbox.com/s/s6wjp86qf5kmpa8/04_Transfer%20Function%20Identification_4-2.pdf?dl=0


VIII. Plotting Constant 𝜻 Lines in q-Plane  
 
 
 

If we increase 𝜎 along a constant 𝜁 line in the q-plane, 
the radius shrinks while the angle sweeps counterclockwise  

 

IX. Plotting Constant 𝝎𝒏 Lines in q-Plane 
 
 
 

 
Constant 𝜔𝑛 lines asymptotically approach the constant 𝜔𝑑 lines  
as we get closer to the unit circle (i.e, as 𝑟 → 1, which means as 𝜁 → 0).  

 

X. Expressing q in terms of 𝜔𝑛 and 𝜁  

 

a. Undamped case 

b. 𝐂𝐫𝐢𝐭𝐢𝐜𝐚𝐥𝐥𝐲 𝐝𝐚𝐦𝐩𝐞𝐝 𝐜𝐚𝐬𝐞  

c. Underdamped case (0 < 𝜁 < 1) 
 

XI. Nyquist-Shannon Sampling Theorem (from Wikipedia): 

XII. EXAMPLES and EXERCISES 
 

1. Exponential (Geometric Series) 

2. Case 3: Damped Sinusoid 
4. Inverse q-domain Examples 
5. HW 6 Solution 

 
VIII. TRANSFER SYSTEM IDENTIFICATION (Details) 

I. Four Major Models (OE, ARX, ARMAX, BJ) 
Movie4.4 (21:27) 
 

1. Output Error 
2. ARMAX 
3. Box Jenkins 
4. ARX   

 
 

II. The Prediction Process 
 

1. Auto Regressive Moving Average (ARMA, 𝑛𝑎 ≠ 0 and 𝑛𝑐 ≠ 0) 
2. Moving Average (MA,  𝑛𝑎 = 0) 
3. Auto Regressive (AR, 𝑛𝑐 = 0) 

 
 
 

https://www.dropbox.com/scl/fi/x9jwlrmgs4e0el2fr3zjr/LECTURE-7_Details_q-Domain_Exercises.docx?rlkey=6d1875vh94mvq3zbgxqx6g4bu&dl=0
https://www.dropbox.com/scl/fi/o96usc8ld7mujan9jktwo/HW-6-SOLUTION.docx?rlkey=6e8tz4bdvx8kl8srxxt06ci9a&dl=0
https://www.dropbox.com/scl/fi/x86rx4sfevqeh67qoby71/Class-9_Details_Transfer-Function-Identification.docx?rlkey=wr7cegom9jej6owcxcpl82p85&dl=0
https://www.dropbox.com/s/0d813ypazy9dd1k/ECE5560%20Topic%204.4.mov?dl=0


III. One-step Prediction 
 

a. Monic Denominator A (a0=1): ARX Model 
 

 
 
 

𝑦̂𝑝[𝑘|𝑘 − 1] = {1 − 𝑨(𝑞, 𝜃)} 𝑦[𝑘] +  𝑩(𝑞, 𝜃) 𝑢[𝑘]  

 
 

𝑦̂𝑝[𝑘|𝑘 − 1] = −𝑎1𝑦[𝑘 − 1] − ⋯− 𝑎𝑛𝑎
𝑦[𝑘 − 𝑛𝑎]  

 
+𝑏0𝑢[𝑘] + 𝑏1𝑢[𝑘 − 1] + ⋯+ 𝑏𝑛𝑏

𝑢[𝑘 − 𝑛𝑏]  

 
b. Input Vector (Feed-forward, 𝑦[𝑘 − 𝑛𝑎],  

and Feed-back, 𝑢[𝑘 − 𝑛𝑏], Inputs) 
 

𝑥[𝑘] = {
−𝑦[𝑘 − 1] −              …− 𝑦[𝑘 − 𝑛𝑎] 
+𝑢[𝑘] + 𝑢[𝑘 − 1] + ⋯+ 𝑢[𝑘 − 𝑛𝑏]

}
𝑇

 

 
 

c. Filter Coefficients (𝒏𝒂 and 𝒏𝒃 indicate order of filters) 
 

𝜃𝑇 = [𝑎1 …𝑎𝑛𝑎
 𝑏0, 𝑏1 …𝑏𝑛𝑏

] 

 
 

IV. Filter Characteristics 
 
 

a. Input-Output Relationship (A=1) 
 
𝑦[𝑘] =  𝑩(𝑞, 𝜃) 𝑢[𝑘]  +  𝑒[𝑘] 
 

b. Time-Series/Single Process (B=0, No input) 
 
𝑦[𝑘] = {1 − 𝑨(𝑞, 𝜃)} 𝑦[𝑘] +   𝑒[𝑘]                              𝑇𝑟𝑢𝑒 

 
𝑦̂[𝑘|𝑘 − 1] = −𝑎1𝑦[𝑘 − 1] − ⋯− 𝑎𝑛𝑎

𝑦[𝑘 − 𝑛𝑎]    𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  

 
𝑦̂[𝑘|𝑘 − 1] = 𝑥𝑇[𝑘]𝜃[𝑛𝑎] = 𝜃𝑇[𝑛𝑎]𝑥[𝑘] 

= ∑𝑎𝑇[𝑙]

𝑛𝑎

𝑙=1

𝑦[𝑘 − 𝑙] = ∑𝑎𝑙

𝑛𝑎

𝑙=1

𝑦𝑘−𝑙 



= [𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛𝑎
]

[
 
 
 
 
 
−𝑦𝑘−1

−𝑦𝑘−2 
−𝑦𝑘−3

.

.
−𝑦𝑘−𝑛𝑎]

 
 
 
 
 

 

c. Time Series/Multiple Processes (Ensemble, n=1 ….N) 
 

𝑦̂1[𝑘|𝑘 − 1] = −𝑎1𝑦1[𝑘 − 1] − ⋯− 𝑎𝑛𝑎
𝑦1[𝑘 − 𝑛𝑎] 

𝑦̂2[𝑘|𝑘 − 1] = −𝑎1𝑦2[𝑘 − 1] − ⋯− 𝑎𝑛𝑎
𝑦2[𝑘 − 𝑛𝑎] 

. 

. 
𝑦̂𝑁[𝑘|𝑘 − 1] = −𝑎1𝑦𝑁[𝑘 − 1] − ⋯− 𝑎𝑛𝑎

𝑦𝑁[𝑘 − 𝑛𝑎] 

 
 

[
 
 
 
 
 
 
−𝑦1,𝑘−1    − 𝑦1,𝑘−2     …   − 𝑦1,𝑘−𝑛𝑎

  
−𝑦2,𝑘−1    − 𝑦2,𝑘−2     …    − 𝑦2,𝑘−𝑛𝑎

 
−𝑦3,𝑘−1    − 𝑦3,𝑘−2     …    − 𝑦3,𝑘−𝑛𝑎

.

.

.
−𝑦𝑁,𝑘−1     − 𝑦𝑁,𝑘−1   …    − 𝑦𝑁,𝑘−𝑛𝑎]

 
 
 
 
 
 

[
 
 
 
 
𝑎1

𝑎2

𝑎3

.
𝑎𝑛𝑎]

 
 
 
 

=

[
 
 
 
 
 
 
𝑦̂1[𝑘|𝑘 − 1]

𝑦̂2[𝑘|𝑘 − 1]

𝑦̂3[𝑘|𝑘 − 1]
.
.
.

𝑦̂𝑁[𝑘|𝑘 − 1]]
 
 
 
 
 
 

 

 
 

𝒙[𝑁 x 𝑛𝑎] . 𝜽[𝑛𝑎  x 1] = 𝒚̂[𝑁 x 1]                 

 
 

𝑎1

[
 
 
 
 
 
 
−𝑦1,𝑘−1

−𝑦2,𝑘−1

−𝑦3,𝑘−1

.

.

.
−𝑦𝑁,𝑘−1]

 
 
 
 
 
 

+ 𝑎2

[
 
 
 
 
 
 
−𝑦1,𝑘−2

−𝑦2,𝑘−2

−𝑦3,𝑘−2

.

.

.
−𝑦𝑁,𝑘−2]

 
 
 
 
 
 

+ ⋯+ 𝑎𝑛𝑎

[
 
 
 
 
 
 
−𝑦1,𝑘−𝑛𝑎

−𝑦2,𝑘−𝑛𝑎

−𝑦3,𝑘−𝑛𝑎

.

.

.
−𝑦𝑁,𝑘−𝑛𝑎]

 
 
 
 
 
 

=

[
 
 
 
 
 
 
𝑦̂1[𝑘|𝑘 − 1]

𝑦̂2[𝑘|𝑘 − 1]

𝑦̂3[𝑘|𝑘 − 1]
.
.
.

𝑦̂𝑁[𝑘|𝑘 − 1]]
 
 
 
 
 
 

 

 
d. Non − square Input Matrix (𝑁 ≠ 𝑛𝑎) 

 
If θ[na x 1] does not span the Column Space of x[N x na]  
Then calculate optimal θ[na x 1]  
that gives best prediction of output 𝒚̂[𝑁 x 1] 

 
V. Least Squares Estimation 

 
a. Initial model structure selection     

Movie4.5 (18:20) 
b. Fitting parameterized model     

Movie4.6 (20:14) 

https://www.dropbox.com/s/hxn9sva6fyc4cin/ECE5560%20Topic%204.5.mov?dl=0
https://www.dropbox.com/s/h21o66zty7avl6k/ECE5560%20Topic%204.6.mov?dl=0


c. Fitting parameterized model: Cost function    
 Movie4.7 (13:51) 
d. Solving the linear least-squares ARX problem   
 Movie4.8 (19:18) 
 

VI. Cost Function 
 

e. Fitting parameterized model: Cost function    
 Movie4.10 (18:15) 
 

𝒚𝑁 = ∑ 𝒚[𝑘]2
𝑁

𝑘=1

                   Output (Scalar)  

 

𝑹𝑥𝑥
𝑁 = ∑ 𝑥[𝑘]𝑥[𝑘]

𝑁

𝑘=1

=       𝑥𝑥𝑇:  Autocorrelation of Input   

 

𝑹𝑥𝑦
𝑁 = ∑ 𝜑[𝑘]𝒚[𝑘] 

𝑁

𝑘=1

=       𝑥𝑇𝑦:  I/O Crosscorrelation   

 
 
Cost Function 

 

 𝑽𝑵(𝜃) = ∑ 𝝐2

𝑁

𝑘=1

[𝑘; 𝜃] 

= ∑{𝒚[𝑘] − 𝜃𝑇𝑥[𝑘]}2
𝑁

𝑘=1

 

 
= 𝒚𝑁 − 2𝜃𝑇𝑹𝑥𝑦

𝑁 + 𝜃𝑇𝑹𝑥𝑥
𝑁 𝜃 

 
 

 
  

https://www.dropbox.com/s/nhkdrjb2o5r7nfl/ECE5560%20Topic%204.7.mov?dl=0
https://www.dropbox.com/s/iufrbapot41a8fv/ECE5560%20Topic%204.8.mov?dl=0
https://www.dropbox.com/s/yk0txlpbfn82zw7/ECE5560%20Topic%204.10.mov?dl=0


VII. Optimal Solution to the LSE Problem 
 

a. Linear Algebra 
 

𝑽𝑵(𝜃) = 𝒚𝑁 − 𝒇𝑁
𝑇 𝑹𝑥𝑥

−1𝑹𝑥𝑦 + (𝜃 − 𝑹𝑥𝑥
−1𝑹𝑥𝑦)

𝑇
𝑹𝑁(𝜃 − 𝑹𝑥𝑥

−1 𝑹𝑥𝑦) 

 
𝒚𝑁 − 𝒇𝑁

𝑇 𝑹𝑥𝑥
−1𝑹𝑥𝑦 > 0 

 

min (𝜃 − 𝑹𝑥𝑥
−1𝑹𝑥𝑦)

𝑇
𝑹𝑁(𝜃 − 𝑹𝑥𝑥

−1 𝑹𝑥𝑦) ⇒    𝜃 = 𝑹𝑥𝑥
−1 𝑹𝑥𝑦 

 
See Class Notes SID 7-1: TFID Problems and Examples 

 
 

b. Calculus (Derivative):   
 

To find 𝜃 (𝜃𝑜𝑝𝑡), which minimizes𝑽𝑵(𝜃), take a derivative 

 
𝒅

𝒅𝜃
𝑽𝑵(𝜃) = −2𝑹𝑥𝑦

𝑁 + 2𝑹𝑥𝑥
𝑁 𝜃 = 0 

 
𝑹𝑁𝜃 = 𝑹𝑥𝑦

𝑁               𝑜𝑟      𝑥𝑥𝑇𝜃 = 𝑥𝑇𝑦   

 

𝜃 = 𝑹𝑥𝑥
𝑁  𝑹𝑥𝑦

𝑁           𝑜𝑟     𝜃 =  (𝑥𝑥𝑇)−1𝑥𝑇𝑦 

 
Remembering that, by definition 
 
𝑦̂ = 𝑥𝑇𝜃 =  𝑥[(𝑥𝑥𝑇)−1𝑥𝑇𝑦] 
 
[𝑥𝑇(𝑥𝑥𝑇)−1𝑥𝑇]𝑦 = 𝑦̂ 
 
 

c. Some terminology (definitions 𝐟𝐨𝐫 𝒙𝒙𝑻𝜽̂ = 𝒙𝑻𝒚) 
 
𝑥𝑥𝑇              ≙ 𝑵 Normal Matrix 
 
(𝑥𝑥𝑇)−𝟏      ≙ Cofactor Matrix of 𝜃 (𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒) 
 

≙ Pseudo − inverse (Moore − Penrose) of N  
 

𝑥𝑇𝑦              ≙ Moment Matrix (of regressors and regressand) 
 
 
[𝑥𝑇(𝑥𝑥𝑇)−1𝜑𝑇] ≙ Hat Matrix (𝑃𝑢𝑡𝑠 𝑎 ℎ𝑎𝑡 𝑜𝑛 𝑦) 
 

Also called “Projection Matrix of 𝜑  
onto the column space of 𝜑 

 

https://www.dropbox.com/scl/fi/ghy2rty7v4mxy2dqwz15m/Chapter-7_1_Problems-and-Solutions_Notes_2_System-Identification_Class-Notes_.docx?rlkey=eta1rrnoopncgjq960ortgf5m&dl=0


d. Geometry (Orthogonality Principle) 
 
𝜖𝑜𝑝𝑡[𝑘] = 𝑦[𝑘] − 𝜃𝑜𝑝𝑡

𝑇 𝑥[𝑘] 

 
𝜖𝑜𝑝𝑡[𝑘] ≙ 𝜖̂[𝑘] ⊥ 𝑦̂[𝑘] = 𝑦𝑜𝑝𝑡[𝑘] 

 
(Estimation error is uncorrelated with the estimate!) 
 
And since 𝑦̂[𝑘] is co-planar with 𝜑[𝑘] 
 
𝑥[𝑘] ⊥ 𝜖𝑜𝑝𝑡[𝑘]     ⇒     𝔼{𝑥𝜖𝑜𝑝𝑡} = 0 

 
(Estimation error is uncorrelated with past samples!) 
These are INNOVATIONS (See next week, II-1) 
 
𝔼{𝑥𝜖𝑜𝑝𝑡} =  𝔼{𝑥[𝑦 − 𝑥𝑇𝜃]} =  𝔼{𝑥𝑦 − 𝑥𝑥𝑇𝜃} = 0 

 

=  𝔼{𝑥𝑦} −  𝔼{𝑥𝑥𝑇}𝜃 = 0 
 
𝑹𝑥𝑥

𝑁  𝜃 = 𝑹𝑥𝑦
𝑁  

 
VIII. Examples (See Class Notes 7.0 and 7.1) 

 
a. Linear Input-Output (Constant velocity) 
b. Non-linear İnput-Output (Free fall) 
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VIII  Holiday 
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IX   MIDTERM EXAM  

Open notes 
Laptop with Matlab, no internet 

 
Reading/Listening Assignments for Midterm 
 
1. Introduction to transfer functions    

Movie4.1 (22:08) 
2. Time response versus pole locations    

Movie4.2 (35:21) 
3. q- and s-plane representation of constant-parameter lines  

 

 

https://www.dropbox.com/scl/fi/196orm73sg3z37t1sdweh/Chapter-7_0_Transfer-Function-IdentificationSystem-Identification_Class-Notes_.docx?rlkey=9e61rjph0krgom5pf2t71suf5&dl=0
https://www.dropbox.com/scl/fi/ghy2rty7v4mxy2dqwz15m/Chapter-7_1_Problems-and-Solutions_Notes_2_System-Identification_Class-Notes_.docx?rlkey=eta1rrnoopncgjq960ortgf5m&dl=0
https://www.dropbox.com/s/3udkltdrzh9h2xc/ECE5560%20Topic%204.1.mov?dl=0
https://www.dropbox.com/s/b90n97c6hqf1heq/ECE5560%20Topic%204.2.mov?dl=0
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X  Transfer Function Models: PCA 
 

I. Least Square Estimation 
Class 10 Details 
 

II. Principle Component Analysis  
 

Read Class Notes 
Extra Reading: 1, 2, 3, 4 
 
See last week’s syllabus for 𝑉(𝜃) expression below, Section VII-a 

𝑽(𝜃)      =     𝑦 − 𝑹𝑥𝑦
𝑇 𝑹𝑥𝑥

−1𝑹𝑥𝑦
𝑇 + (𝜃 − 𝑹𝑥𝑥

−1𝑹𝑥𝑦
𝑁 )

𝑇
𝑹𝑥𝑥

𝑁 (𝜃 − 𝑹𝑥𝑥
−1 𝑹𝑥𝑦

𝑁 ) 

 

𝑽𝑵,𝒎𝒊𝒏(𝜃) = 𝑦 − 𝑹𝑥𝑦
𝑇 𝑹𝑥𝑥

−1𝑹𝑥𝑦
𝑁        for         𝜃 − 𝑹𝑥𝑥

−1𝑹𝑥𝑦
𝑁 = 0 

 

𝑽𝑵(𝜃)      = 𝑉𝑁,𝑚𝑖𝑛(𝜃) + (𝜃 − 𝜃)
𝑇
𝑹𝑥𝑥

𝑁 (𝜃 − 𝜃) 

 
𝜃 − 𝜃 ≙ Deviation Vector 
 

𝑄𝑅 ≙

[
 
 
 
 
 
𝑞11  𝑞12     …   𝑞1𝑁  
𝑞21  𝑞22     …   𝑞2𝑁 
𝑞31  𝑞32     …   𝑞3𝑁

.

.
𝑞𝑁1  𝑞𝑁2     …   𝑞𝑁𝑁]

 
 
 
 
 

≡ Eigenvector Matrix of 𝑹𝑥𝑥
𝑁  

 

Λ𝑅 ≙

[
 
 
 
 
𝜆1  0    …    0  
0    𝜆2     …   0 
0    0   𝜆3  … 0

.
0         …    𝜆𝑁]

 
 
 
 

≡ Eigenmatrix of 𝑹𝑥𝑥
𝑁  

 
𝑹𝑥𝑥

𝑁 = 𝑄𝑅Λ𝑅𝑄𝑅
𝑇 (Eigen-decomposition of 𝑹𝑥𝑥

𝑁 ) 
 

𝑽𝑵(𝜃)      = 𝑉𝑁,𝑚𝑖𝑛(𝜃) + (𝜃 − 𝜃)
𝑇
(𝑄𝑅Λ𝑅𝑄𝑅

𝑇)(𝜃 − 𝜃) 

 

𝑽𝑵(𝜃)      = 𝑉𝑁,𝑚𝑖𝑛(𝜃) + [(𝜃 − 𝜃)
𝑇
𝑄𝑅] (Λ𝑅)[𝑄𝑅

𝑇(𝜃 − 𝜃)] 

 

𝑬𝑻 ≙ (𝜃 − 𝜃)
𝑇
𝑄𝑅 

 
𝑽𝑵(𝜃)      = 𝑉𝑁,𝑚𝑖𝑛(𝜃) + 𝑬𝑻Λ𝑅𝑬 

 

𝑽𝑵(𝜃)      = 𝑉𝑁,𝑚𝑖𝑛(𝜃) + ∑ 𝜆𝑘𝑣𝑘
2

𝑁

𝑘=1

 

 

https://www.dropbox.com/scl/fi/k9biokm8kvu8ucs69qt90/Class-10_Details_Transfer-Function-Identification_PCA.docx?rlkey=ct83f8niftr2g8oliu63sjv19&dl=0
https://www.dropbox.com/s/pg4i69eyrhcr8p6/Principal_Component_Analysis_Tutorial.pdf?dl=0
https://www.dropbox.com/s/teqm1oh8a43y5oe/6.5.5.2.%20PCA%20Numerical%20Example.url?dl=0
https://www.dropbox.com/s/h7sou8cjfhwun3k/A%20simple%20principal%20component%20analysis%20example%20_Brian%20Russel.pdf?dl=0
https://www.dropbox.com/s/ehk7ktpj1f214ij/Independent%20component%20analysis.pdf?dl=0


Constant Error Contours = f(𝜆1𝑣1
2 + ⋯+ 𝜆𝑁𝑣𝑁

2)   Ellipses 



III. SYSTEM IDENTIFICATION: Transfer Function Methods with Matlab 

 

1. Dryer Example  

(Gregory Platt, Chapter 1, Section 2) 

a. Text  

b. Movie 4.5 

c. Class Notes: Details for Code  

 

2. Toolbox Methods for ARX, ARMAX, OE,BJ 

a. 4.11: Toolbox methods (1): Frequency response 

b. 4.12: Toolbox methods (2): Unit-pulse response, residuals 

c. 4.13: Toolbox methods (3): Model validation using correlations 

d. 4.14: Toolbox methods (4): ARX model size 

e. 4.15: Example with nonwhite noise 

 

IV. HOMEWORK (Link) 

1. Readings 

2. Dryer Example 

 

 
 

  

https://www.dropbox.com/scl/fi/xna3pk4w8s1a4zfm4j2oz/01_Introduction-to-System-Identification.pdf?rlkey=eto10uscrarje81t5nw540y7x&dl=0
https://www.dropbox.com/s/hxn9sva6fyc4cin/ECE5560%20Topic%204.5.mov?dl=0
https://www.dropbox.com/scl/fi/j2wtjd6ydy7lgqqq35hdt/Class-10_Details_Dryer-Example.docx?rlkey=lzyky0i98myq4kh77zptiombp&dl=0
https://www.dropbox.com/scl/fi/pu2tl9xs72dt6at4gw0xp/Toolbox-Methods.pdf?rlkey=jsbqgunrthbxfnf1387s5veco&dl=0
https://www.dropbox.com/scl/fi/ara6rpwk1sn44cmgt6tea/ECE5560-Topic-4.11.mov?rlkey=mzdb5903muwazbl2pehrxgwvu&dl=0
https://www.dropbox.com/scl/fi/1w3l829v17bmjjh6kikvn/ECE5560-Topic-4.12.mov?rlkey=k3126oe60h6rcrvc2zaiiazge&dl=0
https://www.dropbox.com/scl/fi/sevvr8pf9wx68cu7qsp5v/ECE5560-Topic-4.13.mov?rlkey=hr4h7kas28eesre2bt3ys70et&dl=0
https://www.dropbox.com/scl/fi/hu3wlxdy38ofetm8oz6yt/ECE5560-Topic-4.14.mov?rlkey=advtz1tu0nfccymj99awm8fs8&dl=0
https://www.dropbox.com/scl/fi/5kpcut2omvgcblgnfad9d/ECE5560-Topic-4.15.mov?rlkey=kky1xyz99kutq117abackcz6r&dl=0
https://www.dropbox.com/scl/fi/s4lh52dzeg82a6rsl1r4s/KOM4575_Week_10_HW7_Fall-2023.docx?rlkey=on7upb868pv9wa8tbatmoiibh&dl=0
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XI  KALMAN FILTER 

I. Linear Least-Squares Regression Re-Cap 
 
1. ARX Model  
2. Least Squares Estimation  
3. Diagonalization 
4. Singular Value Decomposition 
5. PCA 
 

II. Innovations 
 

III. Kalman Filter (Class Notes) 
 

1. Dan Simon 
2. Bzarg 
3. Various Files 
4. Wikipedia 

 
IV. HOMEWORK (Link) 

 
1. Dan Simon   

 
Read, understand example  
Write and run your own Matlab code 
Explain/discuss 

  

https://www.dropbox.com/scl/fi/paeypyvltlk1aup7tln23/INNOVATIONS.docx?rlkey=qq57x8obpf1nhk6fuabap2x7k&dl=0
https://www.dropbox.com/scl/fi/y0hiab6mx78lnjazraay2/Kalman-Filter-Introduction_Course-Notes.docx?rlkey=9i05ul7dwmopvlci659l2ttep&dl=0
https://www.dropbox.com/s/q8q5p3bassuq743/Kalman_filtering.pdf?dl=0
https://www.dropbox.com/scl/fi/d4ypyb3dh15rws1n938c7/How-a-Kalman-filter-works-in-pictures-_-Bzarg.pdf?rlkey=sosgl12p6t7ztgrsc226j4gv2&dl=0
https://www.dropbox.com/sh/t7jrw51v7b3w2kt/AAC9jOKOzzGFVpk5vxpnuiRMa?dl=0
https://www.dropbox.com/s/yhnaljk6dncsobd/Kalman_filter.pdf?dl=0
https://www.dropbox.com/scl/fi/cvturvo8mg6mghxp5zpy4/KOM4575_Week_11_HW8_Fall-2023.docx?rlkey=pqvn670ybbg7vhvdpvs8od57f&dl=0


WK HR SUBJECT         

XII  KALMAN FILTER-II 

I. Kalman Recap 

II. Kalman Filter Matlab Code 

function s = kalmanf(s,u) 
    s.x = s.A*s.x + s.B*u; 
    s.P = s.A * s.P * s.A' + s.Q; 
    % Compute Kalman gain factor: 
    K = s.P*s.H'*inv(s.H*s.P*s.H'+s.R); 
    % Correction based on observation: 
    s.x = s.x + K*(s.z - s.H *s.x); 
    s.P = s.P - K*s.H*s.P;  
end 

 

 
 

III. Visit to YTU Physiological Control Lab  

 

IV. Week 11 Homework Solution 

 
V. Final Exam (Finalized) 
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XIII  Class Canceled 
  Instructor out of Town 
  Gather data for Final Exam 
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XIV  New Year’s Day 

  No class 

(                   

) 

= 

https://www.dropbox.com/scl/fi/dl8ovebkinzulaqcs0ygw/Dan-Simon_Homework_Solution.docx?rlkey=9f75ge6qnir2xpaw8g0n7yxqh&dl=0
https://www.dropbox.com/scl/fi/zz8i1vz41j87f8ewi1ahn/KOM4575_Week_15_Final-Exam_Fall-2023.docx?rlkey=qtqchdiq4xdozfxt2z81r27z9&dl=0

