
 

 

 

Lagrange Denklemi 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�𝑖
) −

𝜕𝐸𝑘

𝜕𝑞𝑖
+

𝜕𝐸𝑝

𝜕𝑞𝑖
+

𝜕𝐸𝑐

𝜕�̇�𝑖
= 𝑄𝑖                                                                                                               

𝑞𝑖: Genelleştirilmiş Koordinat 

𝐸𝑘: Kinetik Enerji 

𝐸𝑝: Potansiyel Enerji 

𝐸𝑐: Sönüm Enerjisi 

𝑄𝑖: Genelleştirilmiş Kuvvet 

 

𝐸𝑘 =
1

2
𝐽(�̇�)

2
+

1

2
𝑚1(�̇�1)2 +

1

2
𝑚2(�̇�2)2 +

1

2
𝑚3(�̇�3)2 

𝐸𝑝 =
1

2
𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃)2 +

1

2
𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃)2 +

1

2
𝑘3(𝑥2 − 𝑥𝑟1)2 +

1

2
𝑘4(𝑥3 − 𝑥𝑟2)2 

𝐸𝑝 =
1

2
𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�)

2
+

1

2
𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�)

2
+

1

2
𝑐3(�̇�2 − �̇�𝑟1)2 +

1

2
𝑐4(�̇�3 − �̇�𝑟2)2 

 

 

 

 



𝜃  Genelleştirilmiş Koordinatı İçin 

 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�
) =

𝑑

𝑑𝑡
(

1

2
2𝐽�̇�) =

𝑑

𝑑𝑡
(𝐽�̇�) = 𝐽�̈� 

 

𝜕𝐸𝑘

𝜕𝜃
= 0 

 

𝜕𝐸𝑝

𝜕𝜃
= −

1

2
2𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃)𝑙1 +

1

2
2𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃)𝑙2 

𝜕𝐸𝑝

𝜕𝜃
= −𝑘1𝑙1(𝑥1 − 𝑥2 − 𝑙1𝜃) + 𝑘2𝑙2(𝑥1 − 𝑥3 + 𝑙2𝜃) 

 

𝜕𝐸𝑐

𝜕�̇�
= −

1

2
2𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�)𝑙1 +

1

2
2𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�)𝑙2 

𝜕𝐸𝑐

𝜕�̇�
= −𝑐1𝑙1(�̇�1 − �̇�2 − 𝑙1�̇�) + 𝑐2𝑙2(�̇�1 − �̇�3 + 𝑙2�̇�) 

 

𝑄𝑧𝑠
= 0 

 

𝑱�̈� − 𝒌𝟏𝒍𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟐𝒍𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽) 

−𝒄𝟏𝒍𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟐𝒍𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�) = 𝟎 

 

�̈� = (
−𝟏

𝑱
) (−𝒌𝟏𝒍𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟐𝒍𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽) − 𝒄𝟏𝒍𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟐𝒍𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�)) 

 

 

 

 

 

 

 



𝑥1  Genelleştirilmiş Koordinatı İçin 

 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�1
) =

𝑑

𝑑𝑡
(

1

2
2𝑚1�̇�1) =

𝑑

𝑑𝑡
(𝑚1�̇�1) = 𝑚1�̈�1 

 

𝜕𝐸𝑘

𝜕𝑥1
= 0 

 

𝜕𝐸𝑝

𝜕𝑥1
=

1

2
2𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃) +

1

2
2𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃) 

𝜕𝐸𝑝

𝜕𝑥1
= 𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃) + 𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃) 

 

𝜕𝐸𝑐

𝜕�̇�1
=

1

2
2𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�) +

1

2
2𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�) 

𝜕𝐸𝑐

𝜕�̇�1
= 𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�) + 𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�) 

 

𝑄𝑥1
= 0 

 

𝒎𝟏�̈�𝟏 + 𝒌𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽) 

+𝒄𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�) = 𝟎 

 

�̈�𝟏 = (
−𝟏

𝒎𝟏
) (𝒌𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽)+𝒄𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�)) 

 

 

 

 

 

 

 



𝑥2  Genelleştirilmiş Koordinatı İçin 

 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�2
) =

𝑑

𝑑𝑡
(

1

2
2𝑚2�̇�2) =

𝑑

𝑑𝑡
(𝑚2�̇�2) = 𝑚2�̈�2 

 

𝜕𝐸𝑘

𝜕𝑥2
= 0 

 

𝜕𝐸𝑝

𝜕𝑥2
= −

1

2
2𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃) +

1

2
2𝑘3(𝑥2 − 𝑥𝑟1) 

𝜕𝐸𝑝

𝜕𝑥2
= −𝑘1(𝑥1 − 𝑥2 − 𝑙1𝜃) + 𝑘3(𝑥2 − 𝑥𝑟1) 

 

𝜕𝐸𝑐

𝜕�̇�2
= −

1

2
2𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�) +

1

2
2𝑐3(�̇�2 − �̇�𝑟1) 

𝜕𝐸𝑐

𝜕�̇�2
= −𝑐1(�̇�1 − �̇�2 − 𝑙1�̇�) + 𝑐3(�̇�2 − �̇�𝑟1) 

 

𝑄𝑥2
= 0 

 

𝒎𝟐�̈�𝟐−𝒌𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟑(𝒙𝟐 − 𝒙𝒓𝟏)−𝒄𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟑(�̇�𝟐 − �̇�𝒓𝟏) = 𝟎 

 

�̈�𝟐 = (
−𝟏

𝒎𝟐
) (−𝒌𝟏(𝒙𝟏 − 𝒙𝟐 − 𝒍𝟏𝜽) + 𝒌𝟑(𝒙𝟐 − 𝒙𝒓𝟏)−𝒄𝟏(�̇�𝟏 − �̇�𝟐 − 𝒍𝟏�̇�) + 𝒄𝟑(�̇�𝟐 − �̇�𝒓𝟏)) 

 

 

 

 

 

 

 

 



 

𝑥3  Genelleştirilmiş Koordinatı İçin 

 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�3
) =

𝑑

𝑑𝑡
(

1

2
2𝑚3�̇�3) =

𝑑

𝑑𝑡
(𝑚3�̇�3) = 𝑚3�̈�3 

 

𝜕𝐸𝑘

𝜕𝑥3
= 0 

 

𝜕𝐸𝑝

𝜕𝑥3
= −

1

2
2𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃) +

1

2
2𝑘4(𝑥3 − 𝑥𝑟2) 

𝜕𝐸𝑝

𝜕𝑥2
= −𝑘2(𝑥1 − 𝑥3 + 𝑙2𝜃) + 𝑘4(𝑥3 − 𝑥𝑟2) 

 

𝜕𝐸𝑐

𝜕�̇�3
= −

1

2
2𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�) +

1

2
2𝑐4(�̇�3 − �̇�𝑟2) 

𝜕𝐸𝑐

𝜕�̇�3
= −𝑐2(�̇�1 − �̇�3 + 𝑙2�̇�) + 𝑐4(�̇�3 − �̇�𝑟2) 

 

𝑄𝑥3
= 0 

 

𝒎𝟑�̈�𝟑 − 𝒌𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽) + 𝒌𝟒(𝒙𝟑 − 𝒙𝒓𝟐) − 𝒄𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�) + 𝒄𝟒(�̇�𝟑 − �̇�𝒓𝟐) = 𝟎 

 

�̈�𝟑 = (
−𝟏

𝒎𝟑
) (−𝒌𝟐(𝒙𝟏 − 𝒙𝟑 + 𝒍𝟐𝜽) + 𝒌𝟒(𝒙𝟑 − 𝒙𝒓𝟐) − 𝒄𝟐(�̇�𝟏 − �̇�𝟑 + 𝒍𝟐�̇�) + 𝒄𝟒(�̇�𝟑 − �̇�𝒓𝟐)) 

 

 

 

 

 

 

 



 

𝜃 →  u(1)  

�̇�  →  u(2)  

𝑥1  →  u(3)  

�̇�1  →  u(4)  

𝑥2  →  u(5)  

�̇�2  →  u(6)  

𝑥3  →  u(7)  

�̇�3  →  u(8)  

𝑥𝑟1  →  u(9)  

�̇�𝑟1  →  u(10)  

𝑥𝑟2  →  u(11)  

�̇�𝑟2  →  u(12)  

 

�̈� = (−𝟏/𝑱) ∗ (
−𝒌𝟏 ∗ 𝒍𝟏 ∗ (u(3) − u(5) − 𝒍𝟏 ∗ 𝒖(𝟏)) + 𝒌𝟐 ∗ 𝒍𝟐 ∗ (u(3) − u(7) + 𝒍𝟐 ∗ 𝒖(𝟏))

−𝒄𝟏 ∗ 𝒍𝟏 ∗ (u(4) − u(6) − 𝒍𝟏 ∗ 𝒖(𝟐)) + 𝒄𝟐 ∗ 𝒍𝟐 ∗ (u(4) − u(8) + 𝒍𝟐 ∗ 𝒖(𝟐))
) 

 

�̈�𝟏 = (−𝟏/𝒎𝟏) ∗ (
𝒌𝟏 ∗ (u(3) − u(5) − 𝒍𝟏 ∗ 𝒖(𝟏)) + 𝒌𝟐 ∗ (u(3) − u(7) + 𝒍𝟐 ∗ 𝒖(𝟏))

+𝒄𝟏 ∗ (u(4) − u(6) − 𝒍𝟏 ∗ 𝒖(𝟐)) + 𝒄𝟐 ∗ (u(4) − u(8) + 𝒍𝟐 ∗ 𝒖(𝟐))
) 

 

 

�̈�𝟐 = (−𝟏/𝒎𝟐) ∗ (
−𝒌𝟏 ∗ (u(3) − u(5) − 𝒍𝟏 ∗ 𝒖(𝟏)) + 𝒌𝟑 ∗ (u(5) −  u(9))

−𝒄𝟏 ∗ (u(4) − u(6) − 𝒍𝟏 ∗ 𝒖(𝟐)) + 𝒄𝟑 ∗ (u(6) −  u(10))
) 

 

�̈�𝟑 = (−𝟏/𝒎𝟑) ∗ (
−𝒌𝟐 ∗ ( u(3) − u(7) + 𝑙2 ∗ 𝑢(1)) + 𝒌𝟒 ∗ (u(7) − 𝒖(𝟏𝟏))

−𝒄𝟐 ∗ (u(4) − u(8) + 𝑙2 ∗ 𝑢(2)) + 𝒄𝟒 ∗ (u(8) − 𝒖(𝟏𝟐))
) 

 

 

 

 

 



 

 

 

clear all, clc 
 
J=1000;       %kg*m^2; 
 
m1=500;     %kg 
m2=50;      %kg 
m3=50;      %kg 
 
k1=17000;     %N/m 
k2=15000;     %N/m 
k3=220000;     %N/m 
k4=220000;     %N/m 
 
c1=500;       %Ns/m 
c2=500;       %Ns/m 
c3=1000;       %Ns/m 
c4=1000;       %Ns/m 
 
l1=1.5;       %m 
l2=1.8;       %m 
 
V=50*(1000/3600); %km/h*(1000/3600)=m/s 


