
 

 

 

Lagrange Denklemi 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�𝑖
) −

𝜕𝐸𝑘

𝜕𝑞𝑖
+

𝜕𝐸𝑝

𝜕𝑞𝑖
+

𝜕𝐸𝑐

𝜕�̇�𝑖
= 𝑄𝑖                                                                                                               

𝑞𝑖: Genelleştirilmiş Koordinat 

𝐸𝑘: Kinetik Enerji 

𝐸𝑝: Potansiyel Enerji 

𝐸𝑐: Sönüm Enerjisi Enerji 

𝑄𝑖: Genelleştirilmiş Kuvvet 

 

𝐸𝑘 =
1

2
𝑚𝑠(�̇�𝑆)2 +

1

2
𝑚𝑢(�̇�𝑢)2 

𝐸𝑝 =
1

2
𝑘𝑠(𝑧𝑠 − 𝑧𝑢)2 +

1

2
𝑘𝑡(𝑧𝑢 − 𝑧𝑟)2 

𝐸𝑐 =
1

2
𝑐𝑠(�̇�𝑠 − �̇�𝑢)2 +

1

2
𝑐𝑡(�̇�𝑢 − �̇�𝑟)2 



𝑧𝑠  Genelleştirilmiş Koordinatı İçin 

 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�𝑠
) =

𝑑

𝑑𝑡
(

1

2
(𝑚𝑠�̇�𝑆)) =

𝑑

𝑑𝑡
(𝑚𝑠�̇�𝑆) = 𝑚𝑠�̈�𝑠 

𝜕𝐸𝑘

𝜕𝑧𝑠
= 0 

𝜕𝐸𝑝

𝜕𝑧𝑠
=

1

2
2𝑘𝑠(𝑧𝑠 − 𝑧𝑢) = 𝑘𝑠(𝑧𝑠 − 𝑧𝑢) 

𝜕𝐸𝑐

𝜕�̇�𝑠
=

1

2
2𝑐𝑠(�̇�𝑠 − �̇�𝑢) = 𝑐𝑠(�̇�𝑠 − �̇�𝑢) 

𝑄𝑧𝑠
= 0 

 

𝒎𝒔�̈�𝒔 + 𝒌𝒔(𝒛𝒔 − 𝒛𝒖) + 𝒄𝒔(�̇�𝒔 − �̇�𝒖) = 𝟎 

 

 

 

 

𝑧𝑢  Genelleştirilmiş Koordinatı İçin 

𝑑

𝑑𝑡
(

𝜕𝐸𝑘

𝜕�̇�𝑢
) =

𝑑

𝑑𝑡
(

1

2
(𝑚𝑢�̇�𝑢)) =

𝑑

𝑑𝑡
(𝑚𝑢�̇�𝑢) = 𝑚𝑢�̈�𝑢 

𝜕𝐸𝑘

𝜕𝑧𝑢
= 0 

𝜕𝐸𝑝

𝜕𝑧𝑢
= −

1

2
2𝑘𝑠(𝑧𝑠 − 𝑧𝑢) +

1

2
2𝑘𝑡(𝑧𝑢 − 𝑧𝑟) = −𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑘𝑡(𝑧𝑢 − 𝑧𝑟) 

𝜕𝐸𝑐

𝜕�̇�𝑢
= −

1

2
2𝑐𝑠(�̇�𝑠 − �̇�𝑢) +

1

2
2𝑐𝑡(�̇�𝑢 − �̇�𝑟) = −𝑐𝑠(�̇�𝑢 − �̇�𝑟) + 𝑐𝑡(�̇�𝑢 − �̇�𝑟) 

𝑄𝑧𝑢
= 0 

 

𝒎𝒖�̈�𝒖 + −𝒌𝒔(𝒛𝒔 − 𝒛𝒖) + 𝒌𝒕(𝒛𝒖 − 𝒛𝒓) − 𝒄𝒔(�̇�𝒔 − �̇�𝒖) + 𝒄𝒕(�̇�𝒖 − �̇�𝒓) = 𝟎 

 

 

 



𝑚𝑠�̈�𝑠 + 𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑐𝑠(�̇�𝑠 − �̇�𝑢) = 0 

𝑚𝑢�̈�𝑢−𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑘𝑡(𝑧𝑢 − 𝑧𝑟) − 𝑐𝑠(�̇�𝑠 − �̇�𝑢) + 𝑐𝑡(�̇�𝑢 − �̇�𝑟) = 0 

 

 

�̈�𝑠 = (
−1

𝑚𝑠
) (𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑐𝑠(�̇�𝑠 − �̇�𝑢)) 

 

�̈�𝑢 = (
−1

𝑚𝑢
) (−𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑘𝑡(𝑧𝑢 − 𝑧𝑟) − 𝑐𝑠(�̇�𝑠 − �̇�𝑢) + 𝑐𝑡(�̇�𝑢 − �̇�𝑟)) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Durum Uzayı (State Space) Formu 

�̇� = 𝐴𝑥 + 𝐵𝑢 

𝑦 = 𝐶𝑥 + 𝐷𝑢 

Değişken Dönüşümleri 

 

𝑥1 = 𝑧𝑠 →  �̇�1 = �̇�𝑠 = 𝑥3  

𝑥2 = 𝑧𝑢 →  �̇�2 = �̇�𝑢 = 𝑥4  

𝑥3 = �̇�𝑠 →  �̇�3 = �̈�𝑠  

𝑥2 = �̇�𝑢 →  �̇�4 = �̈�𝑢 

 

𝑥 = [

𝑥1

𝑥2

𝑥3

𝑥4

] = [

𝑧𝑠

𝑧𝑢

�̇�𝑠

�̇�𝑢

] 

 

𝑢 = [
𝑧𝑟

�̇�𝑟
] 

 

𝑦 = [

𝑧𝑠 − 𝑧𝑢

𝑧𝑢 − 𝑧𝑟

�̈�𝑠

] 

 

𝐴 = [

0 0 1 0
0 0 0 1

−𝑘𝑠/𝑚𝑠 𝑘𝑠/𝑚𝑠 −𝑐𝑠/𝑚𝑠 𝑐𝑠/𝑚𝑠

𝑘𝑠/𝑚𝑢 −(𝑘𝑠 + 𝑘𝑡)/𝑚𝑢 𝑐𝑠/𝑚𝑢 −𝑐𝑠/𝑚𝑢

] 

 

𝐵 = [

0 0
0 0
0 0

𝑘𝑡/𝑚𝑢 𝑐𝑡/𝑚𝑢

] 

 

𝐶 = [
1 −1 0 0
0 1 0 0

−𝑘𝑠/𝑚𝑠 𝑘𝑠/𝑚𝑠 −𝑐𝑠/𝑚𝑠 𝑐𝑠/𝑚𝑠

] 

 



𝐷 = [
0 0

−1 0
0 0

] 

 

 

 

 

 


