Bairstow Method
Bairstow Method is an iterative method used to find both the real and complex roots of a polynomial. It is based on the idea of synthetic division of the given polynomial by a quadratic function and can be used to find all the roots of a polynomial. Given a polynomial say,

	
	(B.1)


Bairstow's method divides the polynomial by a quadratic function.
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	(B.2)


Now the quotient will be a polynomial [image: image2.png]fa-a(a),ie.



 

	[image: image3.png]fa-2(z) = by + bsz + 042 + ... + b1 + b2 ?




	(B.3)


and the remainder is a linear function [image: image4.png]R(z)



, i.e.
	[image: image5.png]R(z) =bi(z —r) +bo




	(B.4)


Since the quotient [image: image6.png]fa—a(a)



 and the remainder [image: image7.png]R(z)



 are obtained by standard synthetic division the co-efficients [image: image8.png]


 can be obtained by the following recurrence relation.
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	(B.5a)


	[image: image10.png]by = ap1 +7by




	(B.5b)


	[image: image11.png]@i +7bit1 + sbiya



   for[image: image12.png]i=n—-2 to 0




	(B.5c)


If [image: image13.png]2?—rz—s



 is an exact factor of [image: image14.png]falz)



 then the remainder [image: image15.png]R(z)



 is zero and the real/complex roots of [image: image16.png]2?—rz—s



 are the roots of [image: image17.png]falz)



. It may be noted that[image: image18.png]2?—rz—s



 is considered based on some guess values for [image: image19.png]


. So Bairstow's method reduces to determining the values of r and s such that [image: image20.png]R(z)



 is zero. For finding such values Bairstow's method uses a strategy similar to Newton Raphson's method. 

Since both [image: image21.png]


 and [image: image22.png]


 are functions of r and s we can have Taylor series expansion of [image: image23.png]


, [image: image24.png]


 as:

	[image: image25.png]bi(r+Ar, s+As)=b + %Ar + %Aa +0(Ar?, As?)




	(B.6a)


	[image: image26.png]bo(r +Ar, s+ As) =bo + %Ar + %Aa +0(Ar, As?)




	(B.6b)


For [image: image27.png]As,Ar<<1



, [image: image28.png]O(Ar?, As%)



 terms [image: image29.png]


 i.e. second and higher order terms may be neglected, so that [image: image30.png](Ar, As)



 the improvement over guess value [image: image31.png](r;s)



 may be obtained by equating (B.6a),(B.6b) to zero i.e.
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	(B.7a)
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	(B.7b)


To solve the system of equations [image: image34.png](B.7a) — (B.b)



, we need the partial derivatives of [image: image35.png]bo, by



 w.r.t. r and s. Bairstow has shown that these partial derivatives can be obtained by synthetic division of [image: image36.png]fa—a(a)



, which amounts to using the recurrence relation [image: image37.png](B-5a) — (B.5c)



 replacing [image: image38.png]ajs



 with [image: image39.png]bis



 and [image: image40.png]bis



 with [image: image41.png]s



 i.e.
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	(B.8a)
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	(B.8b)


	 

[image: image44.png]TCiy1 + 8Ciya




	(B.8c)


for [image: image45.png]1,250 =2




 

where
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	(B.9)
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 The system of equations (B.7a)-(B.7b) may be written as.
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	(B.10a)


	[image: image49.png]AT 4,48





	(B.10b)


These equations can be solved for [image: image50.png](Ar, As)



 and turn be used to improve guess value [image: image51.png](r;s)



 to [image: image52.png](r+Ar,s+As)



. 

Now we can calculate the percentage of approximate errors in (r,s) by
	[image: image53.png]Ar A
learl = 57131005 £, = 5% x 100




	(B.11)


If [image: image54.png]leasr| > &



 or [image: image55.png]leass| > &,



, where [image: image56.png]


 is the iteration stopping error, then we repeat the process with the new guess i.e. [image: image57.png](r+Ar,s+As)



. Otherwise the roots of [image: image58.png]falz)



 can be determined by
	[image: image59.png]_rEVITHds




	(B.12)


If we want to find all the roots of [image: image60.png]falz)



 then at this point we have the following three possibilities: 

1. If the quotient polynomial [image: image61.png]fa—a(a)



 is a third (or higher) order polynomial then we can again apply the Bairstow's method to the quotient polynomial. The previous values of [image: image62.png](r;s)



 can serve as the starting guesses for this application.

2. If the quotient polynomial [image: image63.png]fa—a(a)



 is a quadratic function then use (B.12) to obtain the remaining two roots of [image: image64.png]falz)



.

3. If the quotient polynomial [image: image65.png]fa—a(a)



 is a linear function say [image: image66.png]az+b=0



 then the remaining single root is given by [image: image67.png]ale




Example: 
Find all the roots of the polynomial 
[image: image68.png]fu(z) = 2* — 52° + 102* — 10z + 4




by Bairstow method . With the initial values [image: image69.png]


 

Solution: 
Set iteration=1 

[image: image70.png]



Using the recurrence relations (B.5a)-(B.5c) and (B.8a)-(B.8c) we get 

[image: image71.png]by =—4.125, by = —1.6875
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 the simultaneous equations for [image: image74.png]Ar



 and [image: image75.png]As



 are:
[image: image76.png]4.75Ar — 4As =4.125
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on solving we get [image: image78.png]
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and
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Set iteration=2 

[image: image84.png]38196278, by = 4.32427788, b

—2.31465483, by = —0.625537872
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 now we have to solve


[image: image87.png]1.26659977Ar—1.76392567 As = 2.31465483



 
[image: image88.png]0.0938522071Ar + 1.26659977As =
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On solving we get [image: image89.png]2.27996969, As = 0.324931115
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Now proceeding in the above manner in about ten iteration we get [image: image94.png]


 with

[image: image95.png]JEare| ~ 7.95 % 107° < £, = 0.01
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Now on using [image: image97.png]g TEVIETS
SLE GETT

(i.e. eqn. B.12)



 we get [image: image98.png]


 

So at this point Quotient is a quadratic equation
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Roots of [image: image100.png]fal@)



 are: [image: image101.png]z=1-4, 1+i
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 Roots [image: image103.png]fa(@)



 are [image: image104.png]-1,
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i.e [image: image105.png]fi(@) = (@ - 1=z - (1+))z -1z -2)-




Exercises:
(1) Use initial approximation [image: image106.png]=05, s0=0.5



 to find a quadratic factor of the form [image: image107.png]X2+|')(+S



 of the polynomial equation
[image: image108.png]x* 4+ X3 2%+ x+1=0




using Bairstow method and hence find all its roots.

(2) Use initial approximaton [image: image109.png]=2, sp =2



 to find a quadratic factor of the form [image: image110.png]X2+|')(+S



 of the polynomial equation

[image: image111.png]x*-3x%+20x° +44x +54 =0




using Bairstow method and hence find all the roots.

